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§0 Preliminaries
Before starting a section, I want to explain the style by which this dissertation is written. Every
notation used and defined in a certain section will be inherited by the succeeding section, unless
specifically otherwise stated. Unless otherwise stated all the rings in this paper are commutative,
associative, unitary and partially ordered rings (porings). Moreover, I very often use the notation
” − ”, which is a short form for ”such that”.
0 Preliminaries
For a smooth and better understanding of the dissertation, a moderate command of topics in
Kapitel III of [25] may be necessary. Knowing that many readers not in the field of real algebra
would hopefully also take interest in the work, we attempt to prepare a moderate review of many
topics in real algebra and commutative algebra that may otherwise be foreign to the novice reader.
For the preliminary section, we assume at least a knowledge in standard abstract algebra and
basic algebraic geometry. Otherwise we shall try to make this as self-contained as it possibly and
practically can be. So without further ado, let us go about a few definitions and results that will
initiate us in real algebra and special topics of algebra. For most of the results in this Section we
do not provide a proof, however we cite a reference where complete proofs can be found.
All rings, unless otherwise stated, are associative, commutative and unitary. Also, it is to be
noted that when I use the term regular ring I mean that the ring is a von Neumann regular
ring . We’d like to remind to the reader that in this dissertation everytime I write compact I
always mean (like many topologists do) quasicompact and not necessarily Hausdorff .
Definition. Let A be a commutative unitary ring. We say that a subset A+ ⊂ A is a partial
ordering iff A+ has the following properties :
i. a ∈ A⇒ a2 ∈ A+ i.e. contains all the squares
ii. x, y ∈ A+ ⇒ x+ y ∈ A+ i.e. additively closed
iii. x, y ∈ A+ ⇒ xy ∈ A+ i.e. multiplicatively closed
iv. x,−x ∈ A+ ⇔ x = 0 i.e. has zero support
If there exists a partial ordering A+, we may write that A has a partial ordering A+ or A
admits a partial ordering. Associating A with this partial ordering we say that (A,A+) is a
partially ordered ring or in short a poring. If A+ is given we may write A and A+ separately
rather than as a pair (A,A+). If it is clear, we may also write A is a poring instead of writing
(A,A+) is a poring. If A+ satisfies a fifth property that
v. x ∈ A ⇒ x ∈ A+ or −x ∈ A+ then we call A+ a total ordering of A and we say that A has a
total ordering A+.
The collection of all porings make up the objects of a category. The category of porings, whose
morphisms are just ring homomorphisms (taking 1 to 1) that preserve ordering, i.e. if (A,A+)
and (B,B+) are porings, then a morphism between them is represented by f : (A,A+)→ (B,B+)
which involves a ring homomorphism (we abuse notation by writing the same symbol for the ring
homomorphism) f : A → B such that f(A+) ⊂ B+. If it is clear to the reader what the partial
orderings A+ and B+ we are dealing with, then we just simply write f : A→ B noting this to be
a poring morphism.
Notation. Given a ring A we use the following notations
AA := {a1a2 : a1, a2 ∈ A}
A2 := {a2 : a ∈ A}∑
A2 :=
{
n∑
i=1
a2i : a1, . . . , an ∈ A,n ∈ N
}
We will leave some fact below as an easy exercise for the reader
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Definition and Theorem 1.
i. Given two porings (A,A+) and (B,B+), we write B+ extends A+ iff there exists a monomor-
phism in the category of poring i : (A,A+) → (B,B+) (i.e. i : A → B is a ring monomor-
phism and i(A+) ⊂ B+).
ii. Any commutative unitary ring A that admits a partial ordering will also have the property
that
∑
A2 is a partial ordering of it. For obvious reasons we may call this partial ordering
the weakest partial ordering of A. We may refer this as the sums of squares of A as well.
Specifically, we have the following characterization: A admits a partial ordering iff
∀n ∈ N, ∀ai ∈ A
n∑
i=0
a2i = 0⇔ a2i = 0 ∀i = 1, . . . , n
iii. A poring (A,A+) induces a canonical partial order (resp. total order) ≤ defined by:
x ≤ y ⇔ y − x ∈ A+
By a reduced ring we mean that the only nilpotent element of the ring is 0.
Definition and Theorem 2.
i. (see [6] §1.3 p.38) Let (A,A+) be a poring and suppose that B is a ring that admits a partial
ordering. If f : A → B is a ring homomorphism, then there exists a partial ordering of B
that contains f(A+) (thus making f a poring morphism) iff the set B+ ⊂ B defined by
B+ := {
n∑
i=1
f(ai)b2i : n ∈ N, ai ∈ A+, bi ∈ B, i = 1, . . . , n}
is a partial ordering of B. If this occurs then B+ is called the weakest partial ordering of B
that extends A+ (through f). Clearly here f(A+) ⊂ B+.
ii. Let (A,A+) be a poring and S ⊂ A be a multiplicatively closed set. Then S−1A admits a
canonical partial ordering
(S−1A)+ :=
{a
s
: ∃t ∈ S − ast2 ∈ A+
}
in such a way that the canonical ring homomorphism f : A → S−1A becomes poring
morphism. In fact, it is easy to show that (S−1A)+ is the weakest partial ordering of S−1A
that extends A+ through f .
Definition. A ring A is called real iff the following identity holds for all n ∈ N :
a21 + · · ·+ a2n = 0⇔ a1, . . . , an = 0 (∀a1, . . . , an ∈ A)
If A is a field then we call it a real field. Similarly we define real domains, real regular rings, . . .
Remark. If A is a ring then being real implies the following
• A admits a partial ordering
• A is reduced
Conversely, we note that if a ring A is a reduced poring then A is a real ring.
Definition. Let F be a real field and suppose that for every real field K which is algebraic over
F one has F = K, then we define F to be a real closed field.
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Theorem 3. Let F be a field, then the following are equivalent
1. F is a real closed field.
2. The set {x2 : x ∈ F} is a total ordering of F and every polynomial of odd degree in F [T ]
has a zero in F .
3. F is real and F [T ]/〈T 2 + 1〉 is an algebraically closed field.
4. There exists a real closed field K which is an extension field of F and such that F is in K
algebraically closed.
Proof. See [25] Satz 1, p.16 and Korollar p. 17 (Kapitel 1, §5). See also [12] Fact 4.3.2.
Notation. Because of the above Theorem, if F is a real closed field then it has a unique total
ordering and so we can set F+ to be
F+ = {x2 : x ∈ F}
Definition. Let F be a totally ordered field with total ordering F+. If there exists a real closed
field K such that K is algebraic over F and K+∩F = F+, we shall call K a real closure of (F, F+)
If F is a real field, then an F -poring-isomorphism is a poring isomorphism between two exten-
sion fields of F (which are real) such that the underlying ring homomorphism is an F -isomorphism
(in the sense of field theory).
Proposition 4. Given a totally ordered field (F, F+), then there exists a unique (up to F -poring-
isomorphism) real closed field K such that K is a real closure of (F, F+).
Proof. See [25] page 44, Korollar 1 (Kapitel I, §11).
When speaking of convex sets one usually compares a subset of partially ordered set (poset)
and check if the property of convexity holds (we shall soon define this property). When speaking
about convex rings, one could compare a ring with an ring extension which is ordered and ask for
the condition of convexity. In general, one can make the following definiton:
Suppose R is a partially ordered ring with partial order ≤ (induced by a partial ordering R+
of R) and C is a subring of R. We then say that C is convex in R (with respect to ≤ or R+) if
for all x, z ∈ C and y ∈ R that have the property x ≤ y ≤ z one has y ∈ C.
In the course of this thesis, it suffices to deal with convexity of domains in an ordered field so we
define . . . .
Definition. Let R be a domain in a totally ordered field F with total order ≤. We say that R
is convex in (F,≤) if for all a, c ∈ R and b ∈ F with the property that a ≤ b ≤ c one has b ∈ R.
When both F and ≤ are known, we usually just write R is convex.
Theorem 5. Let R be a domain in a totally ordered field (F,≤) then the following are equivalent
1. R is convex in (F,≤);
2. R is a valuation ring and for all x ∈ F with 0 ≤ x ≤ 1 one has x ∈ R;
3. R is a valuation ring and the maximal ideal of R is convex in R (as poset with respect to
the partial order induced by ≤);
4. R is a valuation ring and for all x in its maximal ideal one has −1 < x < 1.
Proof. See [25] p.52 Satz 1 (Kapitel II, §1) and [25] p.55-56 Satz 3 (Kapitel II, §2).
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Theorem 6. If R is a convex integral domain in a totally ordered field (F,≤), then we have the
following:
• There exists a maximal subfield in R.
• If K is a maximal subfield of R then K is algebraically closed in F
• If F is real closed, and K is a maximal subfield of the local ring R then K is isomorphic to
the field R/M where M is the maximal ideal of R. This isomorphism is given by pi|K where
pi : R→ R/M is the canonical residue map.
Proof. See [25] p.66 Satz 2 and Satz 3 (Kapitel II, §5).
We introduce what is known as prime cones and real spectrum, like the prime ideals and prime
spectrum. We equip a topology to the set of all prime cones and this will help us understand the
geometric structure of porings.
Definition. Let (A,A+) be a poring, a subset α ⊂ A is called a prime cone of (A,A+) iff the
following holds (for short we write prime cone of A if A+ is clear)
• For all a ∈ A+ one has a ∈ α
• If x, y ∈ α then x+ y, xy ∈ α
• If x ∈ A then either x ∈ α or −x ∈ α
• α ∩ −α is a prime ideal in A
Proposition 7. Let (A,A+) be a poring, then a prime cone of (A,A+) can equivalently be defined
in the following manner. A prime cone is a set α ⊂ A such that
• For all a ∈ A+ one has a ∈ α
• If x, y ∈ α then x+ y, xy ∈ α
• −1 6∈ α
• If x, y ∈ A such that xy ∈ α then either x ∈ α or −y ∈ α
Proof. See [2] Chapter II, Proposition and Definition 1.2.
Definition and Notation. We use Sper (A,A+) to denote the set of all prime cones of (A,A+).
If the partial ordering of the poring A is clear, we simply write SperA We define the function
supp(A,A+) : Sper (A,A
+)→ SpecA α 7→ α ∩ −α,
and we call this function the support map for the poring (A,A+). If we already know that A+ is
the partial ordering of A we write suppA and if it is clear what poring we are dealing with, we
may drop the subscript and write supp.
Remark. Let (A,A+) be a poring and α ∈ SperA, then α/supp(α) is a total ordering of A/supp(α).
Theorem 8. Let A be a ring that admits a partial ordering. Consider now the partial ordering
of A defined by A+ :=
∑
A2. Then there are natural bijections between the following sets
1. Sper (A,A+)
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2. S1/ ∼ where
S1 := {f : A→ K : K is a real closed field and f is a poring morphism}
and the relation ∼ is defined by:
f ∼ g for some f : A → K1 and g : A → K2 iff we have one of the below commutative
diagrams (in the category of rings)
A K2
K1
.......................................
...
f
......................................................
.
g
....
....
....
....
....
....
....
....
....
....
.........
A K2
K1
......................................................
.
g
.......................................
...
f
.............................................
....
3. S2 := {(p, T ) : p ∈ SpecA such that Quot(A/p) has a total ordering T}
Proof Construction. We show how the bijection is constructed, for the complete proof the reader
is advised to see [25] p.108 and [4] p.88-89 esp. Proposition 4.3.4.
”1 → 3” Consider α ∈ Sper (A,A+). Define p := α ∩ −α and T to be the total ordering of
Quot(A/p) defined by
T :=
{
a+ p
b+ p
: b 6∈ p and ∃c 6∈ p − abc2 ∈ α
}
then one maps α 7→ (p, T ). In this manner one has a mapping
Sper (A,A+) −→ S2
”3→ 1” Consider (p, T ) ∈ S2, let
f : A→ A/p ↪→ Quot(A/p)
be the canonical map. Then one shows that α defined by
α := f−1(T )
is a prime cone of (A,A+). Thus in this way we have a mapping
S2 −→ Sper (A,A+)
”1→ 2” Let α ∈ SperA, define p := α ∩ −α and consider the field Quot(A/p) then the set
T :=
{
a+ p
b+ p
: b 6∈ p and ∃c 6∈ p − abc2 ∈ α
}
is a total ordering of Quot(A/p). Thus by Proposition 4 we get a real closure of Quot(A/p),
say F , such that F+ ∩ Quot(A/p) = T . We have a canonical poring morphism (one shows that
T ∩A/p = α/p)
f : A→ A/p ↪→ Quot(A/p) ↪→ F
Now we map α to f/ ∼ and in this manner one checks that we have a well-defined map
Sper (A,A+) −→ S1/ ∼
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”2→ 1” Let f ∈ S1, supposing K to be the real closed field that belongs to the range of f . Then
one can show that α ⊂ A defined by
α := f−1(K+)
belongs to Sper (A,A+) . We map f/ ∼ to α ∈ Sper (A,A+), one can show that in this manner
one has a well-defined map
S1/ ∼−→ Sper (A,A+)
Definition. Let I be an ideal of a real ring A. Then I is said to be real iff A/I is a real ring. real
ideal
Remark 9. Let A, with partial ordering A+, be a real ring. One easily checks the following facts
i. Any prime ideal in the image of supp is a real prime ideal (see [4] Corollary 4.3.7)
ii. If I is a real ideal, then I is the intersection of real prime ideals (thus it is radical) (see [4]
Proposition 4.1.7)
iii. Let α, β ∈ Sper (A,A+) and suppose that α ( β then we should have a strict containment
supp(α) ( supp(β). One checks that this follows from Theorem 8 (the bijection between the
first and the third set).
Proposition 10. For any reduced poring (A,A+), minimal prime ideals of A are also real prime
ideals.
Proof. Let p be a minimal prime ideal of A and consider the canonical poring morphism A→ Ap.
If a 6∈ p then a1 is invertible and if a ∈ p then by [21] Corollary 2.2 there exists an b 6∈ p such that
ab = 0 and therefore a1 ≡ 0 in Ap. Thus the kernel of this morphism is p and therefore by [6]
Proposition 2.1.1 p is a convex prime ideal (convexity considered as a subset of the poset A with
partial order induced by A+, but this is also valid with respect to any partial ordering of A). So
by [4] Proposition 4.3.8, p is also a real prime ideal.
Given a ring A with partial ordering A+, we now provide a topology of Sper (A,A+)
Definition and Notation. Given a poring (A,A+), for any a1, . . . , an ∈ A we define subsets of
Sper (A,A+)
PA(a1, . . . , an) := {α ∈ Sper (A,A+) : a1, . . . , an ∈ α\ − α}
If it is clear with which poring we are working with, we drop the subscript A above and we just
write P (a1, . . . , an).
Definition and Theorem 11. Let A be a poring with partial ordering A+. Then the family of
sets of the form
P (a1, . . . , an) n ∈ N a1, . . . , an ∈ A
is a basis for a topology on Sper (A,A+) (see [25] Kapitel III, §3, Definition 1 (c)). This topology
of Sper (A,A+) is called the Harrison topology of Sper (A,A+).
Henceforth in this dissertation we will regard Sper (A,A+) as a topological space having the
Harrison topology.
Theorem 12. Given a poring A with partial ordering A+, one has
• Sper (A,A+) is a compact space (not necessarily Hausdorff).
• the support map
suppA : Sper (A,A
+) −→ SpecA α 7→ α ∩ −α
is a continuous map.
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Proof. See [25] Satz 1 p.108 (Kapitel III, §3) and [25] Korollar 1, p.115 (Kapitel III, §4).
Now we add two definitions from lattice theory
Definition. A ring A (associative but not necessarily commutative or unitary) is called a lattice
ordered ring or l-ring iff
• A has a partial order ≤ (in the usual set theoretic sense)
• The following identity holds
a ≥ 0, b ≥ 0⇒ ab ≥ 0 (∀a, b ∈ A)
• ≤ is a lattice order, i.e. for all finite subset S ⊂ A, there are (unique) ∨S,∧S ∈ A with
– ∀s ∈ S : s ≤ ∨S and ∧S ≤ s
– If s ≤ a and b ≤ s for all s ∈ S then ∨S ≤ a and b ≤ ∧S
We shall write a ∨ b and a ∧ b instead of ∨{a, b} and ∧{a, b} respectively.
The ring is called a function ring or f -ring iff it is an l-ring and the following condition holds
∀a, b, c ∈ A − a, b, c ≥ 0 a ∧ b = 0⇒ ac ∧ b = ca ∧ b = 0
Unless otherwise stated, for our purpose, all l-rings and f -rings we deal with are commutative,
unitary and partially ordered (in the sense of porings).
Notation. If A is an l-ring then for any a ∈ A we denote
a+ := a ∨ 0
a− := −a ∨ 0
|a| := a+ + a−
Definition. Let A be an l-ring and I be an ideal of A. Then I is called an l-ideal if the following
holds
a ∈ I, |b| ≤ |a| ⇒ b ∈ I (a.b ∈ A)
By now, we have most of the key definitions, notations and results in real algebra we should
need in the remaining sections of this thesis. For the more eager and curious reader who seeks
examples, we encourage the references [4], [6], [25] and [27]
A few special topics in commutative algebra are also needed. We shall now begin defining
them and giving a few results from them.
Definition. Given a commutative ring A, the total quotient ring of A is the ring AS−1, where S
is the multiplicative subset of A consisting of all elements that are not zero divisors in A. There is
a natural ring monomorphism from A to S−1A. We denote the total quotient ring of A by T (A).
There is a general definition of rational element, rational extension and complete ring of quo-
tients that applies to every ring (not neccesarily commutative or reduced). However, there is also
a characterization for rational extensions of rings in case they are commutative and reduced. We
are particularly interested in reduced commutative unitary rings, so we make use of one of these
characterization for this special case to define rational extensions (see [14] 1.5).
Definition. Let A be a reduced commutative ring. Let B be a commutative ring extension of A.
Then an element b ∈ B is called a rational element or a fraction of A if either b = 0 or b 6= 0 and
there exists an a ∈ A such that ba ∈ A\{0}. If all elements of B are rational elements, then B is
said to be a ring of quotients or a ring of fractions of A, we also write B is a rational extension
of A.
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Remark 13. A classical result, often attributed to R.E. Johnson (see [22]), is that the complete
ring of quotients of a commutative, unitary, reduced ring is a von Neumann regular ring. For
proof of this result see for instance the Theorem in page 11 of [14].
Definition and Theorem 14. For reduced commutative rings there is a unique maximal rational
extension (up to ring isomorphism). If A is a reduced commutative ring we define Q(A) to be the
maximal rational extension of A. Q(A) is said to be the complete ring of quotients of A. Thus if
B is any rational extension of A, then there exists a ring isomorphism B ∼→ B′ (that fixes A) such
that B′ is a subring of Q(A).
Any ring A for which Q(A) ∼= A is called a rationally complete ring.
Proof. see [14] Corollary 1.9, [28] §2.3 Proposition 4, Proposition 5 and Proposition 6.
Remark. One can confirm that every rational extension of a commutative reduced ring is also a
commutative reduced ring.
The following actually applies to any ring and is more commonly known as the Utumi’s Lemma
Theorem 15. (Utumi’s Lemma) Let {Ri}i∈I be a family of rings (associative and unitary but
not necessarily commutative), with an arbitrary index set I. Then there is a ring isomorphism
Q(
∏
i∈I
Ri) ∼=
∏
i∈I
Q(Ri)
Proof. See [28] §4.3 Proposition 9.
Thus, the product of rationally complete rings is also rationally complete.
For further reading on quotient rings and complete ring of quotients we advise [28] where this
is elaborately tackled. There is also a free online source on this subject, please refer to [14]
One can ask whether rational extension of real rings admit partial orderings at all, if they do
then they are themselves real rings, as rational extension of reduced rings are also reduced. This
is indeed true as we can see in the following theorem
Theorem 16. Let A be a reduced commutative ring, suppose also that B is a rational extension
of A. Then
(i) If ab 6= 0 for some a ∈ A, b ∈ B. Then there exists an a′ ∈ A2 such that a′ab, a′b ∈ A\{0}.
(ii) Suppose A is a real ring with partial ordering A+. Given
• n ∈ N
• a1, . . . , an ∈ A+
• b1, . . . , bn ∈ B
• ∑ni=1 aib2i 6= 0
there exists an a ∈ A such that
a2
n∑
i=1
aib
2
i ∈ A+\{0}
Proof. (i) Clearly there exists an a0 ∈ A such that a0ab ∈ A\{0} (here we use B is a rational
extension of A). Now choose a′ := a20a
2, one can easily check that this satisfies our requirements
(we use the fact that B is reduced).
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(ii) We prove this by induction. The result for n = 1 is clear by (i), let use then suppose that this
result holds for any n− 1 with n ≥ 2. Let a1, . . . , an ∈ A+ and b1, . . . , bn ∈ B be given such that
n∑
i=1
aib
2
i 6= 0
We assume without loss of generality that
n−1∑
i=1
aib
2
i 6= 0
(otherwise the case reduces to n = 1). We know, by induction hypothesis, that there exists an
a ∈ A\{0} such that
a2
n−1∑
i=1
aib
2
i ∈ A+\{0}
For simplicity rewrite
x :=
n−1∑
i=1
aib
2
i
We claim now that a2(x+ anb2n) 6= 0. If a2(x+ anb2n) = 0 then we have
a2x = −an(abn)2 ∈ A+\{0}
which also implies that aanbn ∈ B\{0}.
By (i) there exists a c ∈ A\{0} such that (implication comes from A being reduced)
c(aan)bn, cbn ∈ A\{0} ⇒ an(acbn)2, cbn ∈ A\{0}
Thus we get
c2(a2x) = −an(acbn)2 ∈ A+\{0}
Though we know that an(acbn)2 ∈ A+\{0}, this leads to a contradiction as −A+ ∩ A+ = {0}.
Thus we not only get
a2(x+ anb2n) 6= 0
but also
(ca)2(x+ anb2n) ∈ A+\{0}
Corollary 17. If A is a real ring with partial ordering A+ and if B is a rational extension of A.
Then B admits a partial ordering that extends A+.
Proof. By Definition and Theorem 2 It suffices to show that the set
B+ := {
n∑
i=1
aib
2
i : n ∈ N, ai ∈ A+, bi ∈ B, i = 1, . . . , n}
is a partial ordering for B. The only thing that really needs to be checked here is whether
−B+ ∩B+ = {0}
But this is just a simple application of Theorem 16 (ii).
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1 Real closed rings and real closed ∗ rings
In this Section we try to distinguish and compare different notions of real closedness mainly one
developed by N. Schwartz in his Habilitationschrift and the other developed by A. Sankaran and
K. Varadarajan in [38] which we shall call real closed ∗. We stick to the definition of real closed
rings as defined and characterized in [43] and we try to determine and characterize real closed
rings that are real closed ∗. The main result is that real closed rings have unique real closure ∗
and that real closure of real closed ∗ rings arent necessarily real closed ∗.
Definition. Given a poring A, we usually write A+ to mean the partial ordering of A that is being
considered. If B is an over-ring of A and if it is also a poring with the property that B+ ⊃ A+,
then we shall call (B,B+) an over-poring of (A,A+) and (A,A+) a sub-poring of (B,B+).
Notation. Given a real ring A with a known partial ordering A+, we usually write SperA to mean
the topological space (Harrison Topology) of all the prime cones of A such that they contain A+.
If it is not clear that A+ is A’s partial ordering, then we specifically write Sper (A,A+). For
a1, . . . , an, a ∈ A we use the following notations:
VA(a) := {p ∈ SpecA : a ∈ p}
ZA(a) := {α ∈ SperA : a ∈ suppA(α)}
P¯A(a1, . . . , an) := {α ∈ SperA : a1, . . . , an ∈ α}
If the necessity arises to be clear with the partial ordering A+ we may also write Z(A,A+)(a)
and P¯(A,A+)(a1, . . . , an). If it is clear with which ring/poring we are working, we may drop the
subscripts and we just write V (a), Z(a), P¯ (a1, . . . , an).
Definition.
(a) ([43] Theorem 22) Let A be an integral domain, with partial ordering A+, then we say that A
is a real closed integral domain iff the following holds
1. Quot(A) is a real closed field
2. A is integrally closed in Quot(A)
3. For any a ∈ A, the set i(√aA) is convex in Aa, where i : A → Aa is the canonical homo-
morphism.
(b) ([43] Theorem 23) A poring (A,A+) is a real closed ring iff the following holds
1. A is reduced
2. supp : Sper (A,A+)→ SpecA is a homeomorphism
3. For any p ∈ SpecA, A/p is real closed integral domain
4. If a, b ∈ A, then √aA+√bA = √aA+ bA
Remark 18. Most of the properties of real closed rings are discussed in [39]. Real closed rings
have a lot of desirable algebraic properties, the category has for instance limits and colimits (for
small diagrams) thus fiber products of real closed rings are real closed as well. Taking factor rings,
quotient rings and complete ring of quotients of a real closed ring will make it real closed as well
(all have been worked out by N. Schwartz in [42, 43, 39]).
Remark. One sees that for a field this corresponds to the usual definition of a real closed field.
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Definition. • Let A be a ring, then a ring B ⊃ A is said to be an essential extension of A iff
for any ideal I of B, such that I 6= 0 we have I ∩A 6= 0. This is equivalent to saying that if
b ∈ B\{0} then there is a c ∈ B with bc ∈ A\{0}.
• A partially ordered ring A with partial ordering A+ is said to have bounded inversion iff
1 +A+ ⊂ A∗ where A∗ is the set of units of A.
Definition. A real ring A with partial ordering A+ is real closed * (i.e. real closed according
to [38]) iff it is not a proper sub-poring of another real ring that is an integral extension and an
essential extension of A.
Definition. Let K be a subfield of another field L and let both be partially ordered with partial
orderings K+ and L+ respectively. Then we write that L is a real field extension of K if K+ ⊂ L+
(i.e. the extension is a monomorphism in the category of porings).
Remark 19. In [44] Chapter 2 and [39] §12 the construction of the real closure of a partially
ordered ring is carried out. Here the reader should take note that the real closure is dependent on
the partial ordering. If two porings have the same ring structure but different partial orderings,
then it is not expected that the real closures of these two respective rings are (ring) isomorphic.
Another important fact is that the real closures have always the set of squares as partial ordering
and this cannot be extended (see [39] Proposition 1.11) and so we need not speak of the partial
ordering of a real closed ring. This construction of the real closure is an extension of the ring itself
and has the property that it is real closed and that its real spectrum (and thus its prime spectrum
as well) is canonically isomorphic to the real spectrum of the original ring.
Notation. Let (A,A+) be a reduced poring. Then:
• we write ρ(A,A+) to mean the real closure of A. If A+ is given and is clear, for simplicity
we abuse notation and usually just write ρ(A). The construction of the real closure of a
reduced poring can be read in [39] §12.
• if α ∈ SperA, we write A(α) to mean the real field Quot(A/supp(α)) with the total ordering
corresponding to α (i.e. α/supp(α) ⊂ A(α)+).
• the real closed field (upto A/supp(α) poring isomorphism) which is a real field extension of
A(α) will then be denoted by ρ(A(α)). Note that this exactly corresponds to the real closure
of A(α).
Example. We will show that there is a real closed * ring that is not a real closed ring. According
to [38] Proposition 2, for domains, real closed * is equivalent to the domain being integrally closed
in its qoutient field and that its qoutient field being a real closed field. Now consider the ring Z and
a real closed non-archimedian field R. According to the Chevalley’s Extension Theorem (Theorem
3.1.1 [12]) there is a valuation ring V of R with maximal ideal mV such that mV ∩ Z = 2Z, and
thus V is not convex (because 2 ∈ mV ). However, we observe that V is obviously integrally closed
in R and that its qoutient field is R, so V is indeed real closed ∗ and yet not real closed, since
one sees from the the definition of real closed integral domains that for V to be real closed it is
necessary that it be convex in R and yet 2 ∈ mV (see for instance Theorem 5)
Notation. For any commutative ring A and any set S ⊂ A, we define the set of annihilators of S
by
Ann(S) := {a ∈ A : aS = {0}}
If S is an n-tuple, i.e. if S = {a1, . . . , an} ⊂ A, then we may sometimes write Ann(a1, . . . , an)
instead of Ann({a1, . . . , an}).
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Definition. Let R be a commutative ring, then R is said to be Baer iff for any S ⊂ R we can
write
Ann(S) = eR
for some e ∈ R such that e2 = e.
We have the following Proposition that is obtained from [31]
Proposition 20. (Mewborn, 1971) Let R be a commutative reduced ring, then there is a ring
B(R) between R and its complete ring of quotients Q(R) such that B(R) is Baer and B(R) is
contained in all Baer rings between R and Q(R). In fact, B(R) is the intersection of all Baer rings
between R and Q(R). Moreover, B(R) can be constructed in the following way
B(R) = {
n∑
i=1
riei : n ∈ N, ri ∈ R, ei ∈ Q(R) with e2i = ei}
Definition. B(R) as defined in the Proposition above is now usually known as the Baer hull of
R. Note that this should not be confused with B(R) used by some authors (e.g. R.M. Raphael
and A.S. Pierce) for the set of idempotents of R.
Lemma 21. Let A be a real closed ring and suppose B ⊃ A for some ring B, then A[e1, . . . , en] is
a real closed ring for ei ∈ B such that e2i = ei (i.e. A adjoined with any idempotent of an over-ring
is also a real closed ring).
Proof. We prove by induction. For e ∈ B such that e2 = e, one can immediately show that any
element in A[e] can be uniquely written as a1e + a2(1 − e), thus we may write A[e] ∼= A1 × A2
where A1 is a commutative poring defined by
A1 := {ae : a ∈ A}
with multiplication operation ae ∗ be = abe and addition ae+ be = (a+ b)e, similarly
A2 := {a(1− e) : a ∈ A}
with multiplication a(1− e) ∗ b(1− e) = ab(1− e) and addition a(1− e)+ b(1− e) = (a+ b)(1− e).
Now the canonical maps A → A1 and A → A2 are surjective and the principal ideals ((e, 0))
and ((0, (1− e))) are radical in A[e], thus we may regard A1 and A2 as factor rings of A modulo
((0, (1 − e))) ∩ A and ((e, 0)) ∩ A (which are (real) radical ideals in our real closed rings A)
respectively. Since we know that the residue ring of a real closed ring modulo a real ideal is real
closed we also then know that A1 and A2 are real closed. We also know that real closedness is
stable upon taking arbitrary products, thus A[e] is real closed. Now if A[e1, . . . , en−1] is real closed
for idempotents e1, . . . , en−1 ∈ B, then take
A′ := A[e1, . . . , en−1]
and substitute it for A in the argument above and use e = en.
Corollary 22. Baer Hulls of real closed rings are real closed rings as well.
Proof. The Baer Hull B(A) of a ring A is constructed by adjoining A with the idempotents of
Q(A), thus by taking
B(A) := {
n∑
i=1
aiei : n ∈ N, ai ∈ A, e2i = ei ∈ Q(A)}
where Q(A) is the complete ring of quotients of A. We know from the previous Lemma that for
any finite set of idempotents e1, . . . , en ∈ Q(A) , A[e1, . . . , en] is a real closed ring. But the family
{A[e1, . . . , en] : n ∈ N, e2i = ei ∈ Q(A)}
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can be considered as a directed category with
sup(A[e1, . . . , en], A[f1, . . . , fm]) = A[e1, . . . , en, f1, . . . , fm]
and the canonical injection as the arrows. Having said that, one observes that B(A) is only the
direct limit of objects of this category (which is a subcategory of the real closed rings) in the
category of real closed rings. And since we know that the direct limits of real closed rings are real
closed we can conclude then that B(A) is real closed.
Proposition 23. Let A be a real closed ring contained in a real von Neumann regular ring B,
then the integral closure of A in B is
A¯ := {
n∑
i=1
aiei : n ∈ N, ai ∈ A, e2i = ei ∈ B}
and this is itself a real closed ring.
Proof. Let b ∈ B such that there exist a monic polynomial f ∈ A[T ] with f(b) = 0. Let fp be the
projection of f on (A/(p ∩ A))[T ], for p ∈ SpecB. Now A/(p ∩ A) is also a real closed integral
domain, thus A/(p ∩A) is integrally closed in B/p (because p is a real ideal of B and so B/p is a
real field). So, we can finally conclude that for any p ∈ SpecB, there exists an ap ∈ A such that
ap(p) = b(p).
Define
Kp := {q ∈ SpecB : (ap − b)(q) = 0} = V (ap − b)
, we see that for each p ∈ SpecB, Kp is nonempty and constructible and the collection of these
sets cover SpecB. Thus there are a1, . . . , ak ∈ A such that for each p there is an i ∈ {1, . . . , k}
such that ai(p) = b(p). Also since B is von Neumann regular, there are idempotents ei such that
V (ai) = V (ei) in SpecB (see [21] Corollary 3.3(4)). Now define e′i, for i = 1, . . . , k in the following
way :
e′1 = e1
e′2 = (1− e′1)e2
e′i = (1−
i−1∑
j=1
e′j)ei
Then the reader can easily verify that b =
∑k
i=1 aie
′
i and that for each i = 1, . . . , k and p ∈ SpecB
one has e′i = e
′2
i . We thus conclude that A¯ is indeed the integral closure of A in B and using the
same argument as in the proof of Corollary 22 we see that A¯ is a real closed ring.
Theorem 24. Let A ⊂ B with A,B being real closed rings. Then the integral closure of A in B
is a real closed ring.
Proof. We can consider A as a sub-poring of
∏
SperB
ρ(B(α)). Then by Proposition 23, we can
construct the integral closure of A in
∏
SperB
ρ(B(α)), this will be denoted as A¯. We know that A¯
is real closed. But the integral closure of A in B is in fact B ∩ A¯ which can be considered as a
fiber product of two real closed rings, and we know that fiber products of real closed rings are real
closed as well.
Proposition 25. A von Neumann regular ring is a real closed ring iff every residue field of it is
a real closed field. In other words, a von Neumann regular ring is a real closed ring iff for every
p ∈ SpecA, the field A/p is a real closed field.
Proof. This is just a result that can be automatically concluded from Corollary 21 of [43]
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Definition. Let A be a ring and let I ⊂ A be an ideal. We have the canonical residue map
pi : A→ A/I. Let now f¯ ∈ (A/I)[T ] and say
f¯ = a¯nTn + · · ·+ a¯0
then there are some representatives a0, . . . , an ∈ A such that a¯i = pi(ai). Then f ∈ A[T ] defined
by
f := anTn + · · ·+ a0
is a lifting of f¯ (in A[T ]) or we write that f¯ is lifted to f (obviously with this construction f is
not unique). Conversely, any polynomial f ∈ A[T ] is canonically mapped to f¯ ∈ (A/I)[T ] which
we shall call the pushdown of f or we write f is pushed down to f¯ (in (A/I)[T ]).
Lemma 26. Let K be a perfect field then every polynomial of odd degree in K[T ] has a zero in
K iff every polynomial with nonzero discriminant of odd degree has a zero in K
Proof. One side of the equivalence is clear. The other side is also very easy, for any polynomial
f ∈ K[T ] of odd degree can be written as
f =
n∏
i=1
fi
where fi’s are irreducible for i = 1, . . . , n and without loss of generality we can assume f1 has odd
degree. Since our field is perfect f1 is separable (i.e. has no multiple roots in the algebraic closure
of K) and thus has a nonzero discriminant and therefore by assumption it has a zero in K which
is also a zero of f .
Theorem 27. Suppose B is a real closed ring and A is a von Neumann regular sub-f -ring of B
which is integrally closed in B, then A is also a real closed ring.
Proof. We make use of Proposition 25 to prove our claim. By [39] Proposition 12.4(c) the set
B+ := {b2 : b ∈ B}
is actually the partial ordering of B. Moreover since A is integrally closed in B we can as well
conclude that the set
A+ := {a2 : a ∈ A}
is a partial ordering of A. Now this must be the same partial ordering that makes A an f -ring,
since we actually have A+ = B+ ∩A.
Choose any prime ideal p ∈ SpecA, then our first claim is that A/p is totally ordered by
(A/p)+ := {a¯2 : a¯ ∈ A/p}
Since A is a von Neumann regular f -ring every prime ideal is an l-ideal (see for instance [7]
Proposition 3.7), thus by [41] Example 2.3 A/p is totally ordered by
(A+/p) = (A/p)+
Now if we show that for any (monic) polynomial f¯ ∈ (A/p)[T ] of odd degree f¯ has a zero in
A/p then we are done, since by Theorem 3 , A/p is a real closed field.
Since all real fields are perfect fields, by the preceeding Lemma we need to only deal with the
case when f¯ has a nonzero discriminant. So let
f¯(T ) := T 2n+1 +
2n∑
k=0
a¯kT
k a¯k ∈ A/p, k = 1, . . . , 2n
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have a nonzero discriminant and suppose
f(T ) := T 2n+1 +
2n∑
k=0
akT
k ak ∈ A, k = 1, . . . , 2n
is a lifting of f¯ in A[T ]. Let d ∈ A be the discriminant of f , then by [36] Theorem 2.1(v) g ∈ A[T ]
defined by
g(T ) := T 2n+1 +
2n∑
k=0
akd
4n+2−2kT k
has a zero b ∈ B, and since A is integrally closed in B we can conclude that b ∈ A. Let g¯ ∈ (A/p)[T ]
be the pushdown of g in (A/p)[T ], then the canonical image of b, say b¯, in A/p is a zero of g¯.
Now the canonical image of d, say d¯, in A/p is also the discriminant of f¯ ∈ (A/p)[T ] and d¯ 6= 0.
Since A/p is a field d¯ has an inverse and so one easily checks that b¯d¯−2 ∈ A/p is a zero of f¯ .
Remark 28. If a real ring A, with partial ordering A+, is real closed ∗ then it must be Baer. This
is because the idempotents of Q(A) are integral over A. Thus, B(A) is an integral and essential
extension of A.
Example. Now to show that there are real closed rings that are not real closed ∗. Consider the
ring of continuous maps from R to R
C(R) := {f : R→ R : f continuous }
this is a real closed ring (see [45] Theorem 1.2) but is not Baer, because if
f(x) =
{
x x ≥ 0
0 x < 0
then f has a nontrivial set of annihilators which is strictly contained in our ring (for instance
f(−x) is an annihilator of f), but our ring has only trivial idempotents which clearly states that
our ring is not Baer.
Below is a Theorem which is probably known by many but I was not able to find a reference
stating it. The technique of the proof of the Theorem is similar to the proof of Proposition 2.2 of
[37].
Theorem 29. Let A be a reduced commutative ring, B be an integral extension of A, and C
be an over-ring of B and an essential extension of A. Then B is an essential extension of A (in
words, any between integral extension of a reduced ring and its essential extension is an essential
extension).
Proof. Let b ∈ B\{0} then b ∈ C so ∃c ∈ C such that bc =: a ∈ A\{0}. There also exists a monic
polynomial f ∈ A[T ] with say
f(T ) = Tn +
n−1∑
i=0
aiT
i n ∈ N, ai ∈ A for i = 1, . . . , n
such that f(b) = 0. If n = 1 there is nothing to prove so we are assuming here that n ≥ 2.
Now if a0 6= 0 then we are done since then
b(bn−1 +
n−1∑
i=1
aib
i−1) = −a0 ∈ A\{0}
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Suppose now that a0 = 0, we claim that there exists an i ∈ {1, . . . , n− 1} such that aiai 6= 0.
Suppose otherwise, then
cnf(b) = cn(bn +
n−1∑
i=1
aib
i) = an +
n−1∑
i=1
aia
icn−i = an = 0
and because A is reduced this implies that a = 0 which is a contradiction.
Now consider
m = min{j : ajaj 6= 0, j = 1, . . . , n− 1}
Then m has the property that
• amam 6= 0
• amai = 0 for 0 ≤ i < m
So
cmf(b) = ambn−m + am
n−1∑
i=m
aib
i−m = 0
and thus cmf(b)− amam = −amam ∈ A\{0} is a multiple of b in B.
An immediate Corollary to this Theorem follows
Corollary 30. If A is a real closed ∗ ring and B is a real ring that is an essential extension of A
then A is integrally closed in B.
Here is a short but useful Lemma
Lemma 31. If A is a von Neumann regular ring, then every ideal is a radical ideal.
Proof. We need only show that every principal ideal is radical. If we show that for every a ∈ A
if b2 ∈ aA then b ∈ aA, then the rest of the proof will follow from induction. Suppose thus that
b2 ∈ aA, and let b′ ∈ A be the quasi-inverse of b, then b′b2 = b ∈ aA.
It was hinted in [11] Theorem 1 that von Neumann regular real closed ∗ rings have real closed
factor fields. In the proof of his Theorem, Zhizhong Dai made use of Theorem 10(i) in the work
[10], in the latter Theorem however he stated and made use of the factor fields being real closed.
Because of this confusion and because I could not see a clear proof of this fact, I made an attempt
and proved that the von Neumann regular real closed ∗ rings have indeed real closed factor fields
(using a result from [37]). But first we show a Lemma.
Lemma 32. Suppose A is a Baer ring and B, with partial ordering B+, is a von Neumann regular
f -ring which is an essential extension of A. If we equip A with the partial ordering A+ = B+ ∩A,
then (A,A+) is an f -ring.
Proof. Given the condition for the partial ordering of A, one needs only check whether a+ ∈ A
for any a ∈ A. According to [37] Lemma 1.6, A contains all the idempotents of B. Now it suffices
to show that if a ∈ A ⊂ B then a+ ∈ B is actually in A. Let (a+)′ be the quasi-inverse of a+ in
B, then a+(a+)′ ∈ A (because it is an idempotent in the von Neumann regular ring B). Thus
aa+(a+)′ = (a+ − a−)a+(a+)′ = a+a+(a+)′ − a−a+(a+)′ = (a+)2(a+)′ − 0 = a+ ∈ A
Proposition 33. Let A be a von Neumann regular real closed ∗ ring (with partial ordering A+)
then all its factor fields are real closed, in other words the ring A is a von Neumann regular real
closed ring.
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Proof. First we define a real closed regular ring B that has A as sub-poring. We know from
[39] §12 that SperA is homeomorphic to Sper ρ(A), and since SperA is a zero- dimensional space
(in particular a Stone space) Sper ρ(A) is also zero-dimensional. We also know that suppρ(A)
is a homeomorphism, thus Spec ρ(A) is also a Stone space. This all implies that ρ(A) is a von
Neumann regular f -ring.
If ρ(A) were an essential extension of A, then set B = ρ(A) with B+ being the sum of squares
of B.
If ρ(A) were not an essential extension of A then there is a nonzero ideal I of ρ(A) such that
I ∩ A = 0, assume (by simple application of Zorn’s Lemma) I is maximal with the property that
it is an ideal of A and that I ∩A = 0. Then ρ(A)/I is an essential extension of A, in fact ρ(A)/I
is also a von Neumann regular f -ring since any ideal of ρ(A) is radical and thus any factor ring
of ρ(A) is a von Neumann regular real closed ring (see Remark 18). In this case set B = ρ(A)/I
with B+ being the sum of squares of B.
Let A+ be the original partial ordering of A. If we now equip A with the partial ordering
A′ := B+ ∩ A we see by using Lemma 32 that (A,A′) is an f -ring (here we used A is Baer, see
Remark 28). The claim is that A′ = A+.
By Theorem 29 A must be integrally closed in B and thus by Theorem 27 (A,A′) is a real
closed ring. But the set of squares is the only partial ordering of a real closed ring ([39] §12),
and the partial orderings of reduced f -rings cannot be extended (see [39] Proposition 1.11). Thus,
A+ = A′ and (A,A+) is a real closed ring.
Notation. If R is a commutative ring, by E(R) we mean the set of idempotents of R i.e.
E(R) := {e ∈ R : e2 = e}
with a ring structure (boolean ring) induced from the boolean algebra of E(R), i.e. we define
multiplication ∗′ and addition +′ of e, f ∈ E(R) by
e+′ f := e ∗ (1− f) + f ∗ (1− e) e ∗′ f := e ∗ f
where +,−, ∗ are addition, subtraction and multiplication in R.
The proof of Theorem 1 [11] (apparently motivated by [37]) is rather incomplete even if the
result of the above Proposition is known. But if we compare with [37] Proposition 2.7 (which
has nothing to do with real rings) one can derive a method of proof which makes use of a char-
acterization in Satz 6.1 of [46] and the equivalence of reduced ringed spaces and the category of
rings with conformal maps as developed by Pierce in [33] Definition 2.1 and Theorem 6.6. This
however hints us into delving in the structure sheaves of regular rings. Indeed upon consideration
of the structure sheaves of regular rings one derives an easier proof which can be applied to prove
both Proposition 2.7 of [37] and Theorem 1 of [11] (thus sparing us the effort of understanding
the category of rings with conformal maps).
Theorem 34. ([11] Thereom 1) A real von Neumann regular ring is real closed ∗ iff it is Baer
and all factor fields are real closed.
Proof. ”⇒” The fact that a real closed ∗ ring is Baer is rather clear, as it contains all the idem-
potents of its complete ring of quotients. That the factor fields of real closed ∗ regular rings are
real closed comes from the Proposition that we just proved.
”⇐” Assume R, with partial ordering R+, is a real regular ring which is Baer and has real
closed factor fields. Assume in addition that S, with partial ordering S+, is a proper essential and
integral extension of R and such that R+ ⊂ S+. Note first that by [37] Corollary 1.10, S will also
turn out to be a von Neumann regular ring.
From Remark 1.17 of [37] one realizes that SpecS and SpecR are canonically homeomorphic.
Moreover, for any p ∈ SpecS we have a canonical algebraic extension of real fields
R/(p ∩R) −→ S/p.
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This is an algebraic extension, because S was assumed to be integral over R. Now by assumption
R/(p∩R) is real closed thus it must be isomorphic to S/p. Thus, we find out that the factor fields
of S and that of R are canonically isomorphic. This points out that the structure sheaves of both
S and R are isomorphic (as their prime spectra and stalks are isomorphic). In particular S and
R are isomorphic as rings.
Corollary 35. If A is a real closed ring, then Q(A) is both real closed and real closed ∗
Proof. That Q(A) is real closed is a result in [42] Corollary 6.11. Now because Q(A) is a von
Neumann regular ring which is obviously Baer and has real closed factor fields it is also real closed
∗.
The following results tells us that one may ignore detailed discussion on the partial ordering
of a real closed ∗ ring, because this is uniquely determined from its ring structure alone.
Corollary 36. If A, with partial ordering A+, is a real closed ∗ ring then we have the following
results
• (A,A+) is an f -ring
• A has exactly one partial ordering and this is A2 = A+ (i.e. the square elements of A).
Proof. By [10] Theorem 3, A is integrally closed in Q(A) and Q(A) is a real closed ∗ ring. Thus
it follows (by Remark 13, Theorem 34 and Proposition 25) that Q(A) is a von Neumann regular
real closed ring. Remark 19 tells us that the only partial ordering of Q(A) is Q(A)2. Define a
partial ordering of A
A′ := Q(A)2 ∩A
By Lemma 32 we know then that (A,A′) is an f -ring. It suffices to show that A′ = A2. Let
a ∈ A′, then there exists an √a ∈ Q(A) such that (√a)2 = a ∈ A′. But this implies that √a is
integral over A. We know that A is integrally closed in Q(A) and so
√
a ∈ A. Thus A′ ⊂ A2,
which implies that A′ = A2 (because A′ is a partial ordering of A). Since (A,A′) is an f -ring, A
will have no other partial ordering other than A′.
Theorem 37. A real closed ring A is real closed ∗ iff it is Baer
Proof. If any ring is real closed ∗, it is Baer (e.g. see [10] Theorem 7). So suppose that we have
a real closed ring A that is Baer. We know from Corollary 35 that Q(A) is real closed ∗. Now,
by the construction of the Baer Hull of A in Proposition 20 and the construction of the integral
closure of A in Q(A) in Proposition 23, we observe that A is integrally closed in Q(A). But a ring
is real closed ∗ iff it is integrally closed in its complete ring of quotient and that its complete ring
of quotient is real closed ∗ (see [10] Theorem 3).
In [38], a real closure ∗ of a real ring, A, was defined to be a real ring, B, such that B is real
closed ∗ and an essential and integral extension of A. One notices that the definition is rather ring
theoretic and the partial ordering of the ring is not even being questioned. This may lead to some
confusion and in fact it may be necessary that we allow the partial ordering of our rings to play a
role in the definition. Imagine for instance Q(
√
2), this is a real field and it is well-known (see [41]
Example 2.1) that there are two total orderings of it. One total ordering is α by which
√
2 ∈ α
(i.e.
√
2 is positive) and the other is β with −√2 ∈ β (i.e. −√2 is positive). Set A := Q(√2) and
α ∩ β to be the partial ordering of A. We see that using the definition of real closure ∗ in [38], A
has two possible real closure ∗ which are not contained in each other and are real closed fields.
So we shall deviate a bit from the original definition of real closure as proposed in [38] and
define real closure ∗ in the following manner . . .
Definition. Let A, with partial ordering A+, be a real ring, then a real closure ∗ of A is a real
ring B, with partial ordering B+, such that
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• B is real closed ∗
• B is an essential and integral extension of A
• A+ ⊂ B+
If we require this, then Q(
√
2) with α or β as partial ordering has a unique real closure
∗. However, if the partial ordering of Q(√2) were α ∩ β then the real closure ∗ is not unique
anymore. This is the way we want it to be.
Before anything else, it is best that we also define what we actually mean by the uniqueness
of real closure ∗.
Definition. Let A, with partial ordering A+, be a real ring
1.) If (B,B+) and (C,C+) are over-porings of A, we say that they are A-isomorphic iff there is
an isomorphism of porings
f : B ∼−→ C
such that fiB = iC , where iB : A ↪→ B and iC : A ↪→ C are the canonical poring injections.
In other words B and C are A-isomorphic if there is a poring isomorphism between them
which fixes A. We may use the notation
B ∼=A C
to mean B and C are A-isomorphic.
2.) We say that A has a unique real closure ∗ iff any two real closure ∗ of A are A-isomorphic
(in the category of porings).
If A does not satisfy the above, then we say that A does not have a unique real closure ∗.
We note that we are particularly dealing with poring morphisms. So unless otherwise stated,
all the maps and diagrams are in the category of porings.
One can deduce from results in [38] that every reduced poring has a real closure ∗ and we know
that this is not in general unique. We can however show uniqueness for the special case when our
ring is real closed. In fact, given a real ring A, with partial ordering A+, we will make a more
general statement that uniqueness can be expected if the extension A ↪→ ρ(A) is essential.
Theorem 38. A real closed ring A has a unique (upto isomorphisms) real closure ∗ which is ring
isomorphic to B(A) (and thus also real closed).
Proof. Let A be real closed and let C be a real closure ∗ of A. Note that because B(A) is a real
closed ring (see Corollary 22) and because of the above Theorem, B(A) is real closed ∗. Now C
is an essential integral extension of A, and by a result due to Storrer in Satz 10.1 [46] also stated
in [37] Theorem 3.12 we may regard Q(A) as a subring of Q(C). The injection Q(A) ↪→ Q(C) is
also essential because the diagram below
A Q(A)
C Q(C)
B(A)....................................................
....
........................................
......
.....
................................................
...
..........................................................
...
..........
........................................................................................................................
......
.....
is commutative and A ↪→ C ↪→ Q(C) is essential. We see that all the rings that we are dealing
with are subrings of Q(C). C is an integral extension of A which is integrally closed in Q(C),
thus C is the integral closure of A in Q(C) (because of the transitivity of integral extensions and
because of Theorem 3 of [10]). We also observe, by Corollary 30, that B(A) must also be the
integral closure of A in Q(C), since B(A) is real closed * and an integral extension of A in Q(C).
Thus B(A) and C are isomorphic as rings.
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Thus we immediately have the following Corollary
Corollary 39. The real closure ∗ of a real closed ring is a real closed ring.
Now we try to determine the real closure of real closed ∗ rings.
Proposition 40. Let A, with partial ordering A+, be a real closed ∗ ring and suppose that
A→ ρ(A) is a flat or essential ring extension. Then ρ(A) is Baer and thus real closed ∗.
Proof. We first remind the reader the Q(A) is real closed (see [10] Theorem 3, Theorem 34 and
[42] Corollary 6.11). Let C be the smallest real closed ring between A and Q(A) (which is none
other than the intersection of the real closed rings between Q(A) and A, see Remark 18). By the
choice of C, we have the following:
• Q(C) = Q(A) (because Q(A) is rationally complete and a rational extension of C)
• C is Baer (because C and A both contain all the idempotents of Q(C))
• A ↪→ C is an essential ring extension (since any intermediate ring of a ring A and its complete
ring of quotient is an essential extension of A).
• by results in [39] §12 (in particular, the universal property of the real closure from the
category of porings to the category of real closed rings), there is a unique poring morphism
ρ(A)→ C that factors A ↪→ C. We have the commutative diagram below
A C
ρ(A)
........................................................................................................
.
....................................................
...
........
........
........
........
........
........
........
........
........
........
........
........
........
........
......
If A ↪→ ρ(A) were an essential extension then the ring homomorphism ρ(A) → C is actually
a monomorphism and thus C and ρ(A) are ring isomorphic (because C is the smallest real closed
ring between A and Q(A)) and Baer.
Now suppose that A ↪→ ρ(A) is a flat extension. Since A is Baer, Q(A) is a flat extension
of A (this can be found in [13] Corollary 6.3). Both Q(A) and ρ(A) being flat extensions of A
implies that the canonical morphisms ρ(A) → Q(A) ⊗A ρ(A) and Q(A) → Q(A) ⊗A ρ(A) are
monomorphisms of rings.
We have the following commutative diagram
A Q(A)
ρ(A) Q(A)⊗A ρ(A)
C......................................................
.....
..
.............................................
......
.....
................................................
...
..........................................................
...
..........
...........................................................................................
......
.....
Note now that all our rings are subrings of Q(A)⊗ ρ(A). Because of the choice of C and because
real closed rings are closed under intersection, we must have
C = C ∩ ρ(A)
This clearly implies that C ⊂ ρ(A) in Q(A) ⊗ ρ(A). We thus have the following commutative
diagram
A C
ρ(A)
........................................................................................................
.
....................................................
... .........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
......
.
..................................................................................................................
.
...
........
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, where C ½ ρ(A) is just the canonical injection. Now A ↪→ ρ(A) is an epimorphic extension
(see [39] §12, or [44] Chapter 2) in the category of reduced partially ordered rings. Thus the
composition
ρ(A) −→ C ↪−→ ρ(A)
is the identity map and so the map ρ(A)→ C must be a monomorphism of porings. By the choice
C, we learn that ρ(A) and C are poring isomorphic and thus ρ(A) is Baer.
Theorem 41. Let A, with partial ordering A+, be a real ring, then ρ(A) is an essential extension
of A iff for all closed sets X ( SperA there exists an a ∈ A such that
X ⊂ ZA(a) ( SperA
Proof. For simplicity let us rewrite B := ρ(A) and define
φ : Sper ρ(A) −→ SperA
to be the canonical (homeomorphism, see [39] §12) and
f : A ↪−→ ρ(A)
to be the canonical monomorphism of porings.
”⇒” Let X ( SperA be closed, then φ−1(X) is closed in SperB with
φ−1(X) ( SperB
Now since suppB is a homeomorphism (see [39] §12) there exists a b ∈ B\{0} such that
φ−1(X) ⊂ ZB(b) ( SperB
B is an essential extension of A, so there exists a c ∈ B such that bc ∈ A\{0}. Define now a := bc
then we get
φ−1(X) ⊂ ZB(b) ⊂ ZB(a) ( SperB
Thus
X ⊂ ZA(a) ( SperA
”⇐” Suppose that b ∈ B\{0}. Then clearly ZB(b) ( SperB (since B is reduced and suppB is a
homeomorphism). Define X := φ(ZB(b)), then X is closed in SperA and X ( SperA (because φ
is a homeomorphism). So by assumption there exists an a ∈ A such that
X ⊂ ZA(a) ( SperA
Now taking the inverse image of the above under φ, we obtain
ZB(b) ⊂ ZB(a) ( SperB
and thus √
Ba ⊂
√
Bb⇒ ∃n ∈ N, c ∈ B − an = bc ∈ A
But we know an is not 0 because A is reduced.
Corollary 42. If A, with partial ordering A+, is a real f -ring, then ρ(A) is an essential extension
of A
Proof. We know from various sources that an f -rings has a supp map which is a homeomorphism
onto its image (see for instance [41] Example 2.3), making the complement of all basic open
sets in SperA of the form Z(a). Thus f -rings satisfy the condition of the Theorem above.
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Theorem 43. Suppose A, with partial ordering A+, is any real ring such that ρ(A) is an essential
extension of A. A has a unique real closure ∗ which is ring isomorphic to the integral closure of A
in Q(ρ(A)). In particular real f -rings have unique real closure ∗.
Proof. Let B be a real closure ∗ of the real ring A. Then by [10] Theorem 3, B is integrally closed
in Q(B) and Q(B) is real closed ∗ (and real closed, as these are equivalent for von Neumann
regular Baer rings). Thus we can consider the smallest real closed ring C that lies between A and
Q(B). Because of the choice of C and because real closure construction forms a monoreflector we
have the commutative diagram below
A C
ρ(A)
........................................................................................................
.
....................................................
... .........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.......
... ...........
.
but then ρ(A) ↪→ C is a monomorphism because ρ(A) is an essential extension of A, therefore
C is isomorphic to ρ(A) . Thus ρ(A) can always be considered as an intermediate ring of A and
the complete ring of quotient of any real closure ∗ of A. Moreover, for our ring B, the extension
ρ(A) ↪→ Q(B) is essential since the diagram below
A B
ρ(A)
Q(B).........................................................
....
................................................
...
..........
.............................................
......
.....
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
......
.
is commutative and the horizontal and vertical maps are essential extensions. Thus by [46] Satz
10.1, Q(ρ(A)) (which is real closed ∗ by [42] Corollary 6.11) can be considered as a subring of Q(B).
We observe that all our working rings are subrings of Q(B) and B is the integral closure of A in
Q(B) (by Theorem 29 and Corollary 30). Analogously as above we note that Q(ρ(A)) ↪→ Q(B)
is an essential extension. But since Q(ρ(A)) is real closed ∗, it is integrally closed in Q(B) (see
Corollary 30). Thus the integral closure of A in Q(B) is none other than the integral closure of A
in Q(ρ(A)).
The following lemma is so easy that we will leave the proof to the reader.
Lemma 44. Let I be some index set and for all i ∈ I, let Ai be a ring integrally closed in another
ring Bi. Then
∏
I Ai is integrally closed in
∏
I Bi.
Corollary 45. Direct products of real closed ∗ rings are real closed ∗.
Proof. Let
∏
I Ai be product of real closed ∗ rings. Then by Utumi’s Lemma (see [28] Proposition
9 §4.3) we get the following ring isomorphism∏
i∈I
Q(Ai) ∼= Q
∏
i∈I
Ai
We also know that Ai is integrally closed in Q(Ai) for all i ∈ I, thus by the previous lemma
∏
I Ai
is integrally closed in
∏
I Q(Ai). Moreover,
∏
I Q(Ai) is a von Neumann regular Baer real closed
ring (products of real closed rings are real closed, see Remark 18) thus by [11] it is a real closed
∗ ring. Now by [10] Theorem 3 a ring is real closed ∗ iff it is integrally closed in its complete ring
quotients and if its complete ring of quotients is real closed ∗. Thus the proof is complete.
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Finally, below we produce an example of a real closed ∗ ring whose real closure is neither an
essential extension of the ring nor is it a real closed ∗ ring. Thus we end this section by saying
that the real closure of a real closed ∗ ring is not necessarily real closed ∗.
Example. Consider a valuation ring V with the following properties:
• a non-archimedean quotient field T
• T has a total ordering by which V is convex in T
• T is a real closed field
• SpecV has exactly 3 prime ideals, say
SpecV = {〈0〉, p, q}
with 〈0〉 ( p ( q
Consider the ring A := S[x] + p where x ∈ q\p and S is a representative field of V (i.e. S is a
real closed field contained in V and isomorphic to V/q, see [25] Kapitel II §5 Satz 3). To make
it easier, we will assume that x > 0 in T . The ring A is integrally closed in its quotient field T
(which is a real closed field) and therefore, by [38] Proposition 2, A is real closed ∗.
We can check that SperA has a structure illustrated below
α0
α1 



 

 

. . .
components with dimension 1 closed generic points
   
. . .
Here α0 is the (unique) prime cone of SperA such that supp(α0) = 〈0〉. And α1 is the
specialization of α0 that is not a closed point of SperA. We identify SperS[x] as a subspace of
SperA. The red dots represent the minimal prime cones of SperA\{α0} (which is homeomorphic
to the space of minimal prime cones of SperS[x]\{α1}).
Denote the space of minimal prime cones of SperA by X and the space of minimal prime cones
of SperS[x]\{α1} by Y . We claim that X is not extremally disconnected. For this, it suffices to
show that Y (which is an open subset of X) is not extremally disconnected. Now, we know that
S with its euclidean topology is naturally embedded in SperS[x] (see for instance [4] Theorem
7.2.3(ii) or [25] p.110-112) and SperS[x] is naturally totally ordered (see [25] p.110-111 Beispiel
2).
Given a, b ∈ S we use the following notations:
[a, b] := {x ∈ S : a ≤ x ≤ b in S}
[a, b]∼ := {x ∈ Y : a ≤ x ≤ b in Y }
(a, b) := {x ∈ S : a < x < b in S}
(a, b)∼ := {x ∈ Y : a < x < b in Y }
The first two sets above are closed in S and Y respectively, and the last two sets above are open
in S and Y respectively.
One checks that
([1, 2]∼)◦ = (1, 2)∼
(1, 2)∼ = [1, 2]∼
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, where in the first equation we took the interior of the set [1, 2]∼ in Y and in the second equation
we took the closure of (1, 2)∼ in Y . †. This tells us that the interior of the closed set [1, 2]∼ in Y
is not a clopen set and thus Y cannot be an extremally disconnected set. This implies that X is
not extremally disconnected.
The prime spectrum and real spectrum of ρ(A) are homeomorphic to SperA. So we learn that
the minimal prime spectrum of ρ(A) is not extremally disconnected. Thus, ρ(A) cannot be Baer
(see [31] Proposition 2.3) and so ρ(A) is not real closed ∗.
Next, I will write about the uniqueness of real closure ∗ for a wide set of rings and give examples
of rings with different real closure ∗.
†Note here that α0 and α1 do not belong to the closure of [1, 2] in SperA
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2 The uniqueness of real closure ∗ of Baer regular rings
It was pointed out in the previous Section that there are rings whose real closure ∗ are not unique.
We also discussed some examples of rings that have unique real closure ∗ (mainly the real closed
rings). Now we want to determine more classes of rings for which real closure ∗ is unique. The
main results involve characterisations of domains and Baer regular rings having unique real closure
∗, and an example showing that regular rings need not be f -rings in order to have a unique real
closure ∗. The main objective here, is to find characterisations of uniqueness of real closure ∗ of
real regular rings that will primarily only require information about the prime spectrum and the
real spectrum of the ring.
Definition and Notation. Let A be a real ring with partial ordering A+. We use the following
notations:
• The Baer hull B(A) (see Proposition 20) of the poring has the partial ordering
B(A)+ := {
n∑
i=1
b2i ai : n ∈ N, bi ∈ B(A), ai ∈ A+ for i = 1, . . . , n}
• Q(A) will be the complete ring of quotients of A. If A is a poring with partial ordering A+,
then we use the partial ordering
Q(A)+ := {
n∑
i=1
x2i ai : n ∈ N, xi ∈ Q(A), ai ∈ A+ for i = 1, . . . , n}
for Q(A)
• If A were an integral domain, by default we shall assume Quot(A) to have the partial ordering
Quot(A)+ := {a/b ∈ Quot(A) : ∃c ∈ A\{0} − abc2 ∈ A+}
One easily checks that this is the weakest partial ordering of Quot(A) that extends A+ (thus
Quot(A)+ = Q(A)+).
Notation. Let A be a ring and B be an over-ring of A. By ic(A,B) we mean the integral closure
of A in B.
If B is a poring, with partial ordering B+, by default we consider ic(A,B) to be an object in
the category of porings with partial ordering
ic(A,B)+ = B+ ∩ ic(A,B)
Remark. By an essential extension or integral extension of porings, unless otherwise stated, we
mean an essential extension (in the category of commutative rings) or integral extension which is
a poring monomorphism.
Lemma 46. Let A and B be integral domains and A ⊂ B as rings, then
i. If B is integral over A, then Quot(B) is algebraic over Quot(A).
ii. If B is an essential extension of A and A is integrally closed in B, then Quot(A) is alge-
braically closed in Quot(B).
Proof. i. The set of elements in Quot(B) that is algebraic over Quot(A) form a field, define this
as K. Then B ⊂ K since B is integral over A. Moreover B ⊂ K ⊂ Quot(B) implies that
K = Quot(B). Thus Quot(B) is algebraic over Quot(A).
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ii. Let bc be an element of Quot(B), with b, c ∈ B and c 6= 0. Because B is essential over A,
without loss of generality we may assume that c ∈ A. Suppose furthermore that bc is an algebraic
element of Quot(A). Then there is a polynomial
f(T ) = Tn +
n−1∑
i=0
T i
ai
x
∈ Quot(A)[T ]
with ai ∈ A and x ∈ A\{0} and such that bc a zero of f . So
f(b/c) =
(
b
c
)n
+
n−1∑
i=0
biai
xci
= 0
Now multiply f(b/c) by (cx)n (which is not 0, since c and x are non-zero), then
cnxnf(b/c) = (bx)n +
n−1∑
i=0
(bx)icn−ixn−i−1ai = 0
and therefore bx ∈ B is a zero of
Tn +
n−1∑
i=0
biT
i ∈ A[T ]
where bi := cn−ixn−i−1ai ∈ A for i = 0, . . . , n − 1. But A is integrally closed in B, so bx ∈ A.
This implies that
b/c = bx/cx ∈ Quot(A)
Remark 47. From (ii) above, it follows immediately that:
If B is a field and A is integrally closed in B then Quot(A) is algebraically closed in Quot(B).
Note that in (ii) of above, essentiality is required. Since for instance, Z is integrally closed in
Z[T, T
√
2] and their respective quotient fields are Q and Q(
√
2, T ). Yet it is clear that Q is not
algebraically closed in Q(
√
2, T ).
Theorem 48. A real integral domain A, with partial ordering A+, has a unique real closure ∗ iff
there exists exactly one total ordering T of Quot(A) such that Quot(A)+ ⊂ T
Proof. ”⇐” Let B1 and B2 be two real closure ∗ of A. Then B1 and B2 are real closed ∗ rings and
are integral and essential extensions of A. By Lemma 2 in [38] B1 and B2 are integral domains
(Lemma 2 in [38] states that the essential extensions of integral domains are integral domains).
So we have a commutative diagram of porings below
A Bi
Quot(A) Quot(Bi)
i = 1, 2
....................................................................................................
......
.....
................................................
...
..........................................................
...
..........
......................................................................
......
.....
For i = 1, 2, Bi is a real closed ∗ ring and so, by [38] Proposition 2, Quot(Bi) is a real closed
field and Bi is integrally closed in it. So Bi is the integral closure of A in Quot(Bi) and, by Lemma
46, Quot(Bi) is an algebraic extension of Quot(A) (see lower horizontal map of the diagram above).
We assumed that the Quot(A) has only one point in its real spectrum and so we can set
R := Quot(B1) = Quot(B2)
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So we get (up to A-isomorphism)
B1 = B2
”⇒” Suppose that |SperQuot(A)| ≥ 2 (i.e. there are more than one total orderings of Quot(A)
containing Quot(A)+). Then there are real closed fields K1,K2 having the following properties:
• Ki is algebraic over Quot(A) for i = 1, 2
• There is no poring monomorphism K1 ↪→ K2 or K2 ↪→ K1
• Quot(A)+ ⊂ K+i ∩Quot(A) for i = 1, 2
Now for i = 1, 2 let Ai be the integral closure of A in Ki. Then we have the commutative
diagram of porings below
A Ai
Quot(Ai)
Ki
i = 1, 2
...........................................................................
......
.....
............................................................
...
..........
....................................................................................................
......
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
...........
......
.
And so, by Lemma 46, Quot(Ai) is algebraically closed in Ki, thus Quot(Ai) is a real closed field
(see see Theorem 3(4)) with Ai integrally closed in Quot(Ai). We can thus conclude that Ai is a
real closed ∗ integral domain which is an essential and integral extension of A. So by uniqueness
of real closure ∗, A1 = A2 up to A-isomorphism and we can also set
R := Quot(A1) = Quot(A2)
We thus have
Quot(A) ↪→ R ↪→ Ki i = 1, 2
Recall K1,K2 are algebraic extensions of Quot(A) and are real closed. But this only implies that
K1 = K2 = R upto Quot(A)-isomorphism. This contradicts our original assumption for K1 and
K2.
Proposition 49. Let A be a real domain, with partial ordering A+. B is a real closure ∗ of A iff
the following holds
• There exists a real closed field K algebraic over Quot(A) with B integrally closed in it.
• B is integral over A
• Quot(A)+ ⊂ K+
Proof. ”⇒” Let B be a real closure ∗ of A. We then have a canonical poring monomorphism
A ↪→ B, with B being integral over A. Because of [38] Proposition 2, Quot(B) is a real closed field
and B is integrally closed in it. We thus have the following monomorphisms of partially ordered
integral domains
A ↪−→ B ↪−→ Quot(B)
and B is thus the integral closure of A in Quot(B). Because B is integral over A (by Lemma 46(i))
we also learn that Quot(B) is algebraic over Quot(A). The part regarding the partial orderings
are automatically satisfied, as we have throughout been dealing with poring monomorphisms with
the canonical partial orderings of Quot(A) and Quot(B).
”⇐” Let K be a real closed field and suppose it satisfies the sufficiency conditions of the
Proposition. B is integrally closed in K and K is obviously essential over B. This implies (by
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Lemma 46(ii)) that Quot(B) is algebraically closed in K. By Theorem 3(4), Quot(B) is therefore
a real closed field. Thus by [38] Proposition 2, B is a real closed ∗ ring. Thus we necessarily have
B2 = B+ = ic(A,K) ∩K+
and so A+ ⊂ B+ (see Corollary 36) so A+ ⊂ B+. It remains to show that B is also an essential
extension of A, but this is a result of Theorem 29.
Proposition 50. Let A, with partial ordering A+, be a real von Neumann regular ring and let B
be an essential extension of A, with A+ ⊂ B+, such that it is a von Neumann regular real closed
∗ ring. One real closure ∗ of A is the integral closure of it in B.
Proof. Denote A¯ := ic(A,B). By Corollary 1.10 in [37], A¯ is a von Neumann regular ring. More-
over, B is essential over A¯. Thus, Q(B) may be regarded as an over-ring of Q(A¯) (see [46] Satz
10.1). And the diagram of porings below
A¯ B
Q(A¯) Q(B)
....................................................................................................
......
.....
................................................
...
..........................................................
...
..........
..........................................................................................
......
.....
is commutative. Since B is real closed ∗, it contains all the idempotents of Q(B) (thus also all
idempotents of Q(A¯)), and since A¯ is integrally closed in B it contains all the idempotents of
Q(A¯). In other words A¯ is Baer.
By Proposition 33 B is also a real closed ring. And because A¯ is a von Neumann regular
integrally closed subring of B (which is an f -ring), A¯ must be a sub-f -ring of B (see Lemma 32).
Theorem 27 tells us that an integrally closed von Neumann regular sub-f -ring of a real closed ring
is itself real closed. Thus A¯ is Baer and real closed and from the characterization of real closed ∗
von Neumann regular rings found in Theorem 34 this means that A¯ is real closed ∗.
Definition. Let A be a subring of B, both being commutative unitary rings. By Zorn’s Lemma,
there exists an ideal I of B such that
• I ∩A = 〈0〉
• If J ⊃ I is an ideal of B and if J ∩A = 〈0〉 then J = I
This ideal then makes the canonical ring homomorphism A → B/I an essential extension of A
(therefore B/I can also be considered as an over-ring of A). For such an I we say that I makes
A→ B → B/I an essential extension (of A).
Proposition 51. If A, with partial ordering A+, is a real von Neumann regular ring and if B is
a real closure ∗ of A, then B is actually the integral closure of A in R/I, where:
• A ⊂ R with
• R :=∏SpecAKp for some family of real closed fields {Kp}p∈SpecA with
• A+/p ⊂ K+p for all p ∈ SpecA. Note that all prime ideals of A are real (see Proposition 10).
• I is an ideal of R making A→ R→ R/I an essential extension.
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Proof. We know that B is essential and integral over A, thus by [37] Corollary 1.10 it is a von
Neumann regular ring and so all its prime ideals are real (see Proposition 10), and by [37] Lemma
1.14 the canonical spectral map
φ : SpecB → SpecA φ(p) := p ∩A
is surjective. Now, to make everything short we set X := SpecA and Y := SpecB.
For each x ∈ X, choose one representative yx ∈ Y such that φ(yx) = x. We now have the
following commutative diagram
A B
∏
y∈Y
B/y
∏
x∈X
B/yx
..................................................
......
.....
............................................................................................................................
....
...
f
....................................
......
.....
..............................
...
pi
where pi is just a projection and f is just an extension of the canonical map
A ↪−→
∏
x∈X
A/x
(since A/x ↪→ B/yx is a real field extension) and the other unlabelled maps are canonical injections.
Let us set R :=
∏
x∈X
B/yx (with canonical partial ordering) and by Zorn’s Lemma choose ideal
I of R (which is a real ideal, as it is a radical ideal and all prime ideals are real in R) making
A R R/I......................................................
.....
.. f
....................................................
.
an essential extension of A (we assume (R/I)+ = R+/I). Then we have the following commutative
diagram of porings
A B
R/I
....................................................................................................
......
.....
....................................................
...
..................................................................................................................
.
....
...
with the vertical map being a monomorphism because both the diagonal and the horizontal maps
are essential extensions. So B can be considered as a sub-poring of R/I. In fact the B ↪→ R/I is
an essential extension of B and B is the integral closure of A in R/I (by the real closed ∗-ness of
B).
Theorem 52. Let A, with partial ordering A+, be a real von Neumann regular ring and let B
and C be two real closure ∗ of A. Set X := SpecA, Y := SpecB and Z := SpecC. Then B and
C are A-isomorphic iff for all x ∈ X there exists yx ∈ Y and zx ∈ Z such that:
• yx ∩A = zx ∩A = x
• B/yx and C/zx are (A/x)-isomorphic
Proof. ”⇒” Clear!
”⇐” Throughout, we are dealing with rings that are real and von Neumann regular, thus any
ideal here will be real. Now, for each x ∈ X we have the following commutative diagram of porings
A A/x B/yx
C/zx
............................................................................................
......
.....
....................................................
...
∼=
.................................................................................................................
....
...
...................................................
....
.
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We therefore also have
A
∏
x∈X
A/x
∏
x∈X
B/yx
∏
x∈X
C/zx
......................................................................
......
.....
.........................................................
...
∼=
.........................................................................
.
....
...
....................................
......
.....
So
∏
x∈X B/yx and
∏
x∈X C/zx are A- and (
∏
x∈X A/x)-isomorphic and we can identify them as
the same poring, setting say
R :=
∏
x∈X
B/yx ∼=
∏
x∈X
C/zx
We have moreover the following commutative diagram
A B
∏
y∈Y
B/y
R
C
∏
z∈Z
C/z ...........................................
.....
................................................
...
..........
.................................................
......
.....
....................................................................................................................................
.....
pi1
...................................... ..........
................................................... ..............................................................................................................................................
......
pi2
where pi1 and pi2 are just projections. Now by Zorn’s Lemma we can find an ideal I of R making
A ↪→ R³ R/I an essential extension of A. So we have the following commutative diagram
A B
C R R/I
....................................................................................................
......
.....
....................................................
...
................................................
...
..........
........................................................................................................
.
..................................................................................................................
.
....
...
.................................................................
....
.
which becomes (B → R/I and C → R/I become monomorphisms, as B and C are essential
extensions of A)
A B
C R/I
....................................................................................................
......
.....
................................................
...
..........................................................
...
..........
...................................................................................................
......
.....
..................................................................................................................
.
....
...
Now the above diagram of porings have all its morphisms as essential extensions. Moreover, recall
that B and C are real closed ∗ rings and integral extensions of A. R/I is a real ring and an
essential extension of both B and C, thus both B and C are integrally closed in R/I (by the real
closed ∗-ness of B and C). Thus they are A-isomorphic to the integral closure of A in R/I. Note
that here, we hardly concerned ourselves in checking whether the partial ordering matches, as B
and C are real closed rings and so their only partial ordering is the squares of their elements (see
Corollary 36).
Definition. Let (A,A+) be a reduced poring and set
MinSpec (A) := {p ∈ SpecA : p is a minimal prime ideal of A}
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Then for every p ∈ MinSpecA we know that A+/p can be regarded as a partial ordering of A/p.
We can thus define an over-poring B of A an eporf (extension of product of real fields) of A if
B =
∏
p∈MinSpecA
Kp with B+ = B2
where Kp are real closed fields algebraic over Quot(A/p) and such that A+/p ⊂ K2p .
Remark. For a von Neumann regular real ring A with partial ordering A+, we may write the
eporf’s with product index SpecA instead of MinSpecA as it is known that von Neumann regular
rings have dimension 0.
Theorem 53. Let A, with partial ordering A+, be a real von Neumann regular ring (not neces-
sarily Baer). Then A has a unique real closure ∗ iff there is an X ⊂ SperA such that for any eporf
B of A and any ideal I of B making A ↪→ B → B/I an essential extension, one has
X = {α ∈ SperA : ρ(A(α)) ∼=A(α) C(α, p) for some p ∈ VB(I + supp(α))} (1)
where A(α) := A/supp(α) and C(α, p) := ic(A/supp(α), B/p).
Proof. ”⇒” We let C be the unique real closure ∗ of A and set
X := {α ∈ SperA : ρ(A(α)) ∼=A(α) C/p for some p ∈ VC(supp(α))}
we then show that if B is an eporf of A and I is an ideal of B making A → B/I an essential
extension then
X = {α ∈ SperA : ρ(A(α)) ∼=A(α) C(α, p) for some p ∈ VB(I + supp(α))}
Now define D := B(B/I) (i.e. the Baer Hull of B/I). We know D is Baer, von Neumann
regular and real closed (see Remark 18 and Corollary 22). So, by Theorem 37, D is real closed ∗
and by Proposition 50 we may regard C as an intermediate poring of A and D (here we used the
uniqueness of C).
”⊂” Let α ∈ SperA and ρ(A(α)) ∼=A(α) C/p for some p ∈ VC(supp(α)) then we have the
following commutative diagram of porings
A/supp(α)
C/p
B/q
D/p˜
............
............
............
............
............
............
......
..
......
.
........................................................................................
.
....
...
...............................................................................
.
....
...
...........
...........
...........
...........
...........
...........
...........
...........
.
......
.
where D = B(B/I) and p˜ is a prime ideal of D lying over p ∈ SpecC (this is possible because of
[37] Lemma 1.14), and q ∈ SpecB such that q+ I = p˜ ∩B/I.
Now B and D are real closed von Neumann regular rings thus B/q and D/p˜ are real closed
fields ([7] Proposition 25). So B/q is algebraically closed in D/p. C is itself a real closed ring
integral over A, thus C/p is a real closed field algebraic over A/supp(α). Therefore we conclude
that
ic(A/supp(α), D/p˜) = ic(A/supp(α), B/q) = C/p
and by our choice of q we have q ∈ VB(I + supp(α)).
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”⊃” Let α ∈ SperA and ρ(A(α)) ∼=A(α) C(α, p) for some p ∈ VB(I + supp(α)), then there
exists p˜ ∈ SpecD (where D = B(B/I)) lying over p+ I. Thus we have the following commutative
diagram of porings
A/supp(α)
B/p
C/q
D/p˜
............
............
............
............
............
............
......
..
......
.
........................................................................................
.
....
...
...............................................................................
.
....
...
...........
...........
...........
...........
...........
...........
...........
...........
.
......
.
where q = p˜ ∩ C. Again however we have (similar arguments as in ”⊂”)
C/q = ic(A/supp(α), D/p˜) = ic(A/supp(α), B/p) = C(α, p)
and by the choice of p˜ we have q ∈ VC(supp(α)).
”⇐” This side of the proof will be done in steps.
1. Let Ai, i = 1, 2 be real closures ∗ of A. From now on the variable i varies always between 1
and 2.
2. By Proposition 51, there exists eporf Ri of Ai, and ideal Ii of Ri making A → Ri/Ii an
essential extension of A and such that
A ↪−→ Ai ↪−→ Ri/Ii
are poring monomorphism.
3. Set
Xi := {α ∈ SperA : ρ(A(α)) ∼=A(α) ic(A(α), Ri/p) for some p ∈ VRi(Ii + supp(α))}
then by assumption X1 = X2
4. Note:
(a) For all p ∈ VRi(Ii) there always exists an α ∈ SperA such that p ∩A = supp(α) and
ρ(A(α)) ∼=A(α) ic(A(α), Ri/p)
This is by the very definition of the real spectrum of A and the fact that Ri/p is a real
closed field.
(b) Consider the following composition (which are essential extensions)
A ↪−→ Ai ↪−→ Ri/Ii
For each p ∈ SpecA, we can find a pi ∈ SpecAi lying over p and a qi ∈ Spec (Ri/Ii)
lying over pi (see [37] Lemma 1.14).
5. So suppose p ∈ SpecA
(a) By (4b) there is a p1 ∈ SpecA1 and such that p1∩A = p. By (4a) there is an α ∈ SperA
such that p = supp(α) and that
ρ(A(α)) ∼=A(α) ic(A(α), R1/q1)
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for some q1 ∈ VR1(I1) with q1 + I1 ∈ Spec (R1/I1) lying over p1 (existence of such a q1
is by (4b)). Thus
A1/p1 ∼=A(α) ic(A(α), R1/q1)
since
A/supp(α) ↪−→ A1/p1 ↪−→ R1/q1
are real extensions of fields and A1/p1 is algebraic over A/supp(α) and itself real closed
(as A1 is real closed ∗).
(b) Now α in (5a) is in X1, so by (3) α ∈ X2 as well and therefore
∃q2 ∈ VR2(I2 + supp(α)) − ρ(A(α)) ∼=A(α) ic(A(α), R2/q2)
If we set p2 = q2 ∩A2 we have real field extensions
A/supp(α) ↪−→ A2/p2 ↪−→ R2/q2
and therefore ρ(A(α)) ∼=A(α) A2/p2, which also means A1/p1 ∼=A/p A2/p2. Now one
uses Theorem 52 to show that A1 and A2 are A-isomorphic.
Notation. Supposing that a commutative ring A is the product of rings, say A :=
∏
x∈X Rx. Then
for any element a ∈ A and any x ∈ X we let a(x) to be the canonical projection of a in Rx.
Definition. If X is a topological space, we say x ∈ X is isolated iff {x} is a clopen set. If x ∈ X
is not isolated then we say it is non-isolated.
Proposition 54. Let A, with partial ordering A+, be a real von Neumann regular Baer ring and
suppose that there exists a p ∈ SpecA such that ]supp−1{p} > 1 and p is isolated in SpecA. Then
A does not have a unique real closure ∗.
Proof. Since p is isolated in SpecA and A is von Neumann regular, there exists an e ∈ A such
that e2 = e and V (e) = {p} (see for example [21] Corollary 3.3(4)). Set B :=∏q∈SpecAA/q, then
we may regard A as a subring of B and we may write
e(q) =
{
1 q 6= p
0 q = p
Let I EB be such that (Zorn’s Lemma)
• 〈0〉 ⊂ I ⊂ eB
• I ∩A = 〈0〉
• ∀x ∈ eB\I (I + xB) ∩A 6= 〈0〉
We claim that
∀x ∈ B\I (I + xB) ∩A 6= 〈0〉
We prove by contradiction, suppose there exists an x ∈ B\I such that (I + xB) ∩A = 〈0〉. Then
clearly x 6∈ eB and that x ∈ (1−e)B∗ (note that B is a von Neumann regular ring, thus B can be
written as the direct sum of eB and (1−e)B). Therefore 1−e ∈ xB which implies 1−e ∈ I+xB.
But 1− e ∈ A and this contradicts our assumption.
The above implies then that A→ B/I is an essential extension.
Now consider α, β ∈ SperA such that α 6= β and supp(α) = supp(β) = p. Moreover, consider
the following eporfs of A
B1 = ρ(A(α))×
∏
q∈SpecA\{p}
Kq
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B2 = ρ(A(β))×
∏
q∈SpecA\{p}
Kq
where for q ∈ SpecA\{p}, Kq is a chosen real closed field which is a real field extension of A/q.
We now throughout let i = 1, 2 and . . .
Pick an ideal Ii EBi (Zorn’s Lemma) such that
• 〈0〉 ⊂ Ii ⊂ eBi
• Ii ∩A = 〈0〉
• ∀x ∈ eBi\Ii (Ii + xBi) ∩A 6= 〈0〉
One then shows analogous to the case for B, that IiEBi makes A→ Bi/Ii an essential extension.
Now eBi + Ii is a maximal ideal of Bi/Ii which restricts to p in A. Note also that because A
is a Baer ring, Bi/Ii ([37] Corollary 1.13) is Baer and
SpecBi/Ii −→ SpecA
(see for instance [37] Proposition 1.16 or Remark 1.17) is a homeomorphism.
Now suppose that A has a unique real closure ∗, say C. Then C can be considered as an
intermediate poring of A and Bi/Ii (Because of Theorem 34 and Proposition 50). One thus has
the canonical poring injection of Baer von Neumann regular rings
A ↪−→ C ↪−→ Bi/Ii i = 1, 2
and canonical homeomorphism of spectral spaces
SpecBi/Ii
'−→ SpecC '−→ SpecA i = 1, 2
and real field extensions
A/p −→ C/p0 −→ Bi/Bie
where p0 is the unique (by the homeomorphism of spectral spaces above) prime ideal in SpecC
such that p0 ∩A = p (i.e. p0 = (Bie+ Ii) ∩ C).
But
B1/B1e = ρ(A(α)), B2/B2e = ρ(A(β))
and because C is a real closed ∗ von Neumann regular ring, C/p0 is a real closed field which is an
algebraic extension of A/p and has real field extensions ρ(A(α)) and ρ(A(β)). The natural real
field extensions A/p ↪→ ρ(A(α)) and A/p ↪→ ρ(A(β)) are algebraic extensions as well. This implies
that
C/p0 ∼=A/p ρ(A(α)) ∼=A/p ρ(A(β))
which is a contradiction, as we assumed α 6= β. Thus we can finally conclude that A cannot have
a unique real closure ∗
Lemma 55. Let A be a real Baer von Neumann regular ring and let p ∈ SpecA and B an eporf
of A. Denote e ∈ B for the idempotent in B such that
e(q) =
{
1 q 6= p
0 q = p
then p is an isolated point of SpecA iff
∃I EB − B/I is an essential extension of A and I ⊂ eB
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Proof. ”⇒” The proof of this is contained in the beginning of the proof of Proposition 54.
”⇐” Since I ⊂ eB, eB+I is a prime ideal of B/I. Now eB is an isolated point of SpecB (since
VB(e) = {eB}) and so eB+ I is an isolated point of SpecB/I (since by [25] p.99 Satz 7, SpecB/I
can be canonically regarded as a subspace of SpecB). But A ↪→ B/I is an essential extension and
A is Baer, therefore SpecB/I is canonically homeomorphic to SpecA (by [37] Remark 1.17). And
so (eB + I) ∩A = p is an isolated point of A.
Example 56. Let X be an extremally disconnected Stone space with non-isolated points (it then
has an infinite count. An example of such a space is the prime spectrum of infinite product of
fields in the category of commutative unitary rings). Let K := Q(
√
2) and consider
A := {f : X → K : ∀k ∈ K f−1(k) is open in X}
Also for any x ∈ X and S ⊂ A we set
S|x := {f(x) : f ∈ S} ⊂ K
We shall now state some facts about A and give partial proofs of them (as they are straight-
forward):
1. A has a canonical ring structure
2. A is zero-dimensional and reduced (ie. regular)
Take any f ∈ A, show that g : X → K, defined by g(x) = 0 iff f(x) = 0 and g(x) = f(x)−1
iff f(x) 6= 0, is in A and in fact the quasi-inverse of f .
3. There is a canonical homeomorphism
X → SpecA x 7→ px := {f ∈ A : f(x) = 0}
Thus A is Baer (as X is extremally disconnected).
4. Because X is Boolean, for any x ∈ X we have the identity
px|z =
{
K z 6= x
0 z = x
5. For all x ∈ X, one has a well-defined and canonical isomorphism of real fields
A/px
'−→ K f mod px 7→ f(x)
This ring can be found in some literature, compare for instance the remark in the last paragraph
of [19] p.779. For the proof of the facts above one also sees similarities in the arguments found in
[3] Chapter 1, Excercise 26.
Fix a non-isolated point y ∈ X and for i ∈ {0, 1} set Pi to be the total ordering of K such that
(−1)i√2 ∈ Pi. Now set
A+ := {f ∈ A : f(x) ∈ P0 if x 6= y and f(y) ∈
∑
K2}
one easily checks that A+ is a partial ordering of A. Without loss of generality we identify X and
SpecA.
We now claim:
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6. supp|(SperA)\supp−1{y} is injective
For this we need to first study the real spectrum of A (equiped with the partial ordering
A+). By definition if α ∈ SperA then A+ ⊂ α and −α ∩ α = supp(α) ∈ SpecA. Thus one
checks by 4, that for all x ∈ X either α|x = K (i.e. supp(α)|x = K) or that α|x is a total
ordering of K (i.e. supp(α)|x = {0}).
Since A is von Neumann regular, every x ∈ X\{y} has a supp preimage (i.e. supp is
surjective), say α ∈ SperA is a point in the preimage of x. Now for any z ∈ X, A+|z ⊂ α|z
so by the argument in the previous paragraph α must have the property (because A+|x =
P0 ⊂ α|x and α|x is a total ordering of K)
α|z =
{
K z 6= x
0 z = x
This alone completely determines α (by the very definition of A and the fact that X is
Boolean). Thus the claim holds.
7. ]supp−1{y} = 2
If α ∈ supp−1{y} then this time supp(α)|y = {0} implies that α|y is a total ordering of K
and
A+|y =
∑
K2 ⊂ α|y
giving α|y the choice of being either P0 or P1 (and α|x = 0 for x ∈ X\{y}). Thus giving us
2 points in supp−1{y}.
8. The poring A has a unique real closure ∗
Let C be a real closure ∗ of A (so C+ ⊃ A+). Then by Proposition 51 there exists an eporf
B =
∏
x∈X Kx of A and an ideal I E B such that A → B/I is an essential extension of A
and C = ic(A,B/I). One then has the following commutative diagram of porings:
A B/I
A/x B/x˜
x ∈ X, x˜ ∈ VB(I + x)
.................................................................................................
......
.....
....................................................
.......
φx2
....................................................
.......
φx1
...............................................................................................
......
.....
with all maps canonical
Let f ∈ A such that f(x) = √2 for all x ∈ X, and set
pi :
∏
x∈X
Kx −→
∏
x∈X\{y}
Kx
to be the canonical (poring) projection of B. Observe now that from the choice of A+, one
has pi(f) ∈ pi(B)+.
By Lemma 55 I 6⊂ eB where e ∈ B is defined by
e(x) =
{
1 x 6= y
0 x = y
this implies at once that 1− e ∈ I and so there is a well-defined isomorphism of porings
B/I −→ pi(B)/pi(I) b+ I 7→ pi(b) + pi(I)
Note that our rings are real von Neumann regular, therefore I and pi(I) are real ideals.
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One concludes that (by identifying B/I with pi(B)/pi(I))
√
2 = φx1(f) = φ
x
2(pi(f)) ∈ (B/x˜)+ x ∈ X
Now SpecC, SpecA and Spec (B/I) are canonically homeomorphic (spectral maps of essen-
tial extensions of Baer regular rings). Also C/xC = ic(A/x,B/x˜) for all x ∈ X. Observe that
xC ∈ SpecC (see [37] proof of Lemma 1.14 and Remark 1.17), and xC is the unique prime
ideal of C lying over x. Because
√
2 ∈ (C/xC) ∩ (B/x˜)+ we conclude that C/xC ∼=A/x R0
where R0 is the field of real algebraic numbers.
Finally, by Theorem 52, we conclude that A has a unique real closure ∗.
The example above just shows us that there are von Neumann regular rings with unique real
closure ∗ and yet they are not f -rings. In fact we have a general case below
Theorem 57. Let A, with partial ordering A+, be a real von Neumann regular ring and
X := {p ∈ SpecA : ]supp−1(p) = 1}
be dense in SpecA, then A has a unique real closure ∗
Proof. Let C1 and C2 be two real closure ∗ of A and let i ∈ {1, 2}. Denote Zi = SpecCi, then the
canonical morphism
Zi ³ SpecA z 7→ z ∩A
is surjective.
So for each x ∈ X fix zxi ∈ Zi such that zxi ∩ A = x. We then have the canonical poring
morphism
A −→ Ci −→
∏
x∈X
Ci/z
x
i
which is a monomorphism since X is dense in SpecA.
We know that for all x ∈ X, there is only one (up to A/x-isomorphism) real closed field that
is an algebraic real field extension of A/x. Now, Ci/zxi is a real closed field algebraic over A/x (it
is a real field extension of A/x). Thus for all x ∈ X we know that C1/zx1 ∼=A/x C2/zx2 and so∏
x∈X
C1/z
x
1 =
∏
x∈X
C2/z
x
2
So set
B :=
∏
x∈X
C1/z
x
1
we then have the following commutative diagram of porings
A
C1
C2
B
...........
...........
...........
...........
...........
...........
...........
...........
......
..
......
.
............................................................................................
.
...............................................................................................
.
....
...
...........
...........
...........
...........
...........
...........
...........
..............
..
Now by Zorn’s Lemma there is an I EB such that
A ↪−→ B ³ B/I
is an essential extension of A. Observe that the canonical map Ci → B/I is injective, because
I ∩ A = {0} and because Ci is essential over A. Furthermore, we learn that Ci → B/I is also an
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essential extension (of Ci) since A→ B/I is an essential extensions (of A). We thus now have the
commutative diagram of porings below
A
C1
C2
B/I
...........
...........
...........
...........
...........
...........
...........
...........
......
..
......
.
........................................................................................
.
....
...
...............................................................................................
.
....
...
...........
...........
...........
...........
...........
...........
...........
...........
.
......
.
We then finally see that (by the fact that Ci is a real closure ∗ of A)
Ci ∼=A ic(A,B/I) i = 1, 2
which means that
C1 ∼=A C2
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3 The uniqueness of real closure ∗ of regular rings
In this Section we give a characterisation of real closure ∗ of regular rings, which is quite similar to
the characterisation of real closure ∗ of Baer regular rings seen in Section 2. We also characterize
Baer-ness of regular rings using near open maps. The last part of this Section will concentrate on
classifying the real closure ∗ of real regular rings (upto isomorphisms) using continuous sections
of the support map, we construct a topology on this set for the Baer case. We shall make use of
the absolutes of Hausdorff spaces in order to give a construction of the spectra of the Baer hulls
of regular rings. We also give example of a real Baer regular ring that is not rationally complete.
Notation. Let A be a ring and x ∈ A
• CRings is the category of commutative unitary rings with the usual ring homomorphisms
(i.e. 1 is mapped to 1)
• DA(x) := {p ∈ SpecA : x 6∈ p}, if it is clear with what rings we are dealing with we write
D(x) instead.
The original Theorem found in [46] Statz 10.1 states that if A is a reduced ring and if B is an
essential extension of A, then there exists a monomorphism of rings Q(A) ↪→ Q(B). But when
one looks at the proof of Storrer’s Theorem (which we shall officially call the Storrer’s Satz ) one
has more to say. In fact it was first pointed out by Raphael, in [37] Theorem 3.12, that Storrer’s
Satz can be strengthened in the following way . . .
Theorem 58. (Storrer’s Satz) Let A be a reduced ring and let B be an essential extension of
A. Then there exists a monomorphism of rings f : Q(A) → Q(B) such that the diagram below
commutes (in the category CRings)
A
B
Q(A)
Q(B)
...................................
...
..........
...............................................................................................
......
.....
...............................................................................................
......
.....
...................................
...
..........
f
where the unlabeled maps in the commutative diagram above are canonical maps.
The proof of the above Theorem is omitted as it is already manifested in the proof of the
original Theorem made by Storrer ([46] Satz 10.1). Given porings (A,A+) and (B,B+), let B
be an essential extension (in CRings) of A, we see that Storrer’s Satz also holds in the category
of porings (with default partial orderings for Q(A) and Q(B), i.e. the weakest partial ordering
such that contain A+ and B+ respectively). So we may use Storrer’s Satz in category of porings,
taking note that essential extensions are in the category CRings.
Construction 59. For an idea, we shall sketch how the monomorphism in the Storrer’s Satz
above is constructed.
For any ring A, there is a ring monomorphism A ↪→ Q(A) (see [28] §2.3 Proposition 6 p.40).
We may also write
Q(A) =
.⋃
DlA
HomA(D,A)/ ∼A
where ∼A is a specific equivalence relation and D l A means that D is a dense† ideal of A. For
readers unfamiliar with the terminology and concept used in the study of the complete ring of
quotients of rings, I suggest [14] §1 and [28] §2.3 and §2.4 p.36-46 as reference.
Now, for any ring A and for any φ ∈
.⋃
HomA(D,A) we write [φ]A to mean the canonical image
of φ in Q(A).
Now we are ready to make the construction. Let A and B satisfy the condition of Storrer’s
Satz. Let φ : D → A be an A-module homomorphism with D a dense ideal of A. Storrer showed
the following
†Given a commutative ring A, a set D ⊂ A is said to be dense in A if Ann(D) = {0}
43
§3 The uniqueness of real closure ∗ of regular rings
1. There is a maximal family {di}I ⊂ D such that ⊕IdiA is a direct sum and is dense in A
2. D := ⊕IdiB is then a direct sum and is dense in B
3. We then associate [φ]A to [φ]B where
φ := ⊕Iφi : D −→ B
with φi : diB → B defined by φi(di) := φ(di) ∈ A ⊂ B. This association turns out to be
not only a well-defined function between Q(A) and Q(B), but also a ring monomorphism
satisfying the Storrer’s Satz above.
¥
I will make frequent use of another result by Raphael. The result will be called Raphael’s
Lemma whose proof can be found in [37] Lemma 1.14, Proposition 1.16 and Remark 1.17.
Lemma 60. (Raphael’s Lemma) If A is a regular Baer ring and B is a regular ring which is an
essential extension of A then B is also Baer and we have a canonical homeomorphism
φ : SpecB → SpecA p 7→ p ∩A
whose inverse is
φ−1 : SpecA→ SpecB q 7→ qB
Lemma 61. Let A, with partial ordering A+, be a real regular ring and let C be a real closure ∗
of A, then
i. C can be regarded as a real closure ∗ of B(A)
ii. The spectral map SpecC → SpecB(A) induced from i. is a homeomorphism.
Proof. By Storrer’s Satz, we have the following commutative diagram of rings
A
C
Q(A)
Q(C)
...................................
...
..........
...............................................................................................
......
.....
...............................................................................................
......
.....
...................................
...
..........
We can thus regard all the given rings as subrings of Q(C). By Theorem 34 we know that C is
Baer, thus by Proposition 20 C contains all the idempotents of Q(C). Specifically, C contains A
and all the idempotents of Q(A). But A and the idempotents of Q(A) together generate B(A).
Therefore B(A) may indeed be regarded as a subring of C.
Here B(A)+ is the weakest extension of A+. Thus C+ ∩ B(A) ⊃ B(A)+ ⊃ A+ and therefore
B(A) can in fact be regarded as a subporing of C. We thus have the following extension of porings
A ↪−→ B(A) ↪−→ C
we also know that C is an integral and essential extension of A implying that it is also an integral
and essential extension of B(A). C being real closed ∗ implies that C is indeed a real closure ∗ of
B(A). By Raphael’s Lemma, SpecC → SpecB(A) is a homeomorphism.
Lemma 62. Let A, with partial ordering A+, be a real regular ring and let B,C be two real
closure ∗ of A such that they are not A-isomorphic. Then there exists p ∈ SpecB(A) such that
(in category of porings)
B/pB 6∼=A/p∩A C/pC
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Proof. Set X := SpecA, Y := SpecB and Z := SpecC. By Lemma 61, we regard B(A) as a sub-
poring of both B and C and we know then that SpecB and SpecC are (canonically) homeomorphic
to SpecB(A). By Theorem 52 there is an x ∈ X such that
Property ?
for all yx ∈ Y and zx ∈ Z that lie over x (i.e. yx ∩A = zx ∩A = x) we get
B/yx 6∼=A/x C/zx
Fix an x ∈ X with the above property and choose yx ∈ Y lying over x (this can be done, since
the spectral map Y → X is a surjective one, see for instance [37] Lemma 1.14). Now consider
p := yx ∩ B(A) ∈ SpecB(A) then pB ∈ SpecB and pC ∈ SpecC (by Raphael’s Lemma) that lie
over x and so by Property ?
B/pB 6∼=A/x C/pC
Definition. Let f : X → Y be a function between topological spaces X and Y . This function
will be called a near open function (German: fast offene Abbildung) iff for any nonempty open
set U ⊂ X there exists a nonempty open set V ⊂ Y such that V ⊂ f(U)
Example. Near open maps that are not open:
1. Let R be the real numbers endowed with the usual Euclidean topology. Let f : R → R be
defined by f(x) = x2. Then this function is a continuous function that is near open however
it is not open, because for instance f((−1, 1)) = [0, 1).
2. As will be seen in Theorem 64, if A is a von Neumann regular ring that is not Baer, then the
canonical map SpecB(A) → SpecA is a continuous near open map between Stone spaces
that is not open.
Lemma 63. Let A be a von Neumann regular ring and let B be an overring of A. Set
φ : SpecB → SpecA p 7→ p ∩A
Then for any a ∈ A we have the identity
φ(DB(a)) = DA(a)
Proof. Suppose a ∈ A. The case DB(a) = ∅ is trivial, so we assume DB(a) 6= ∅.
”⊂” Let p ∈ SpecB and suppose a 6∈ p, then clearly a 6∈ p ∩A. In other words φ(p) ∈ DA(a).
”⊃” Let q ∈ SpecA and let a 6∈ q, then by [37] Lemma 1.14 there exists a p ∈ SpecB such
that φ(p) = q. If a ∈ p then a ∈ p ∩ A = q = φ(p) is a contradiction, thus a 6∈ p. So there is a
p ∈ DB(a) such that φ(p) = q.
Theorem 64. Let A be a von Neumann regular ring, then the canonical map
φ : SpecB(A) −→ SpecA
is a near open surjection. Moreover, φ is open iff A = B(A) (i.e. A is Baer).
Proof. Suppose U ⊂ SpecB(A) is a nonempty open set. Without loss of generality we may assume
U = DB(A)(x)
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for some x ∈ B(A)\{0}.
Now because B(A) is a ring of quotients of A (see for instance the last paragraph of [14] p.8)
there exists a y ∈ A such that xy ∈ A\{0} (this is because A is reduced and commutative, see [14]
Theorem following Lemma 1.5). We also then have
DB(A)(x) ⊃ DB(A)(xy) 6= ∅
Using the above equation and the preceeding Lemma we obtain
φ(DB(A)(x)) ⊃ DA(xy)
and therefore φ is near open. φ is a surjection because of [37] Lemma 1.14.
Now we prove the last statement of the Theorem, the proof that follows is by Niels Schwartz.
If A is Baer then A = B(A) and so φ is a homeomorphism, thus an open map. If A is not
Baer then SpecA is not extremally disconnected (see Prop. 2.1 [31]), suppose then that φ is open.
Since SpecA is not extremally disconnected, there exists an open set U ⊂ SpecA such that U (i.e.
the topological closure of U in SpecA) is not open in SpecA. Because SpecB(A) is extremally
disconnected φ−1(U) (closure in SpecB(A)) is clopen. Now, because φ is a continuous surjection,
we have the following result
φ(φ−1(U)) = U ⊂ SpecA
And because we assumed φ is open, the above equation implies that U is open, which is a contra-
diction.
Theorem 65. Let A, with partial ordering A+, be a real regular ring, then A has no unique real
closure ∗ iff there exists an x ∈ A such that
[suppAP (x) ∩ suppAP (−x)]◦ 6= ∅
Proof. ”⇒” Let C1, C2 be two real closure ∗ of A such that they are not A-isomorphic.
Throughout the proof let i = 1, 2. By Lemma 61 we may regard B(A) as a subporing of Ci
and denote
νi : SpecCi
∼−→ SpecB(A)
to be the canonical spectral map (it is a homeomorphism by Raphael’s Lemma).
Now, by Lemma 62, there exists a p ∈ B(A) such that
C1/pC1 6∼=A/p∩A C2/pC2
We observe that Ci/pCi is a real closed field (as Ci is real closed ∗, therefore has factor fields
that are real closed. See Theorem 34), and is algebraic over the field A/p ∩ A. Thus there are
α1, α2 ∈ SperA such that
supp(α1) = supp(α2) = p ∩A
and
ρ(A(αi)) ∼=A/p∩A Ci/pCi i = 1, 2
We also have the following commutative diagram of topological (spectral) spaces
SperA
αi
SpecB(A)
p
SpecA
p ∩A
i = 1, 2
.............................................................................
φi
.......................................... ...
...
..........................................................................
....
ψ
.................................
....
...
.
.............................................................................
...
suppA
...........................
...
......
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where
φi := µi ◦ supp−1Ci ◦ ν−1i
with
µi : SperCi → SperA α 7→ α ∩A
Note that suppCi and νi are homeomorphisms (Ci is a real closed ring too, see Section 1), therefore
φi is indeed well-defined.
Now let x ∈ α1\α2 then
p ∈ suppAP (x) ∩ suppAP (−x)
and
suppAP (x) ⊃ ψφ−11 P (x)
suppAP (−x) ⊃ ψφ−12 P (−x)
so
suppAP (x) ∩ suppAP (−x) ⊃ ψφ−11 P (x) ∩ ψφ−12 P (−x) ⊃ ψ(φ−11 P (x) ∩ φ−12 P (−x))
but
p ∈ φ−11 P (x) ∩ φ−12 P (−x)
because
φ1(p) = α1 ∈ P (x)
and
φ2(p) = α2 ∈ P (−x)
Therefore φ−11 P (x) ∩ φ−12 P (−x) is a nonempty open set in SpecB(A),
Now by Theorem 64, ψ is near open, therefore there exists a nonempty open set U ⊂ SpecA
such that
U ⊂ ψ(φ−11 P (x) ∩ φ−12 P (−x))
Hence
[suppAP (x) ∩ suppAP (−x)]◦ 6= ∅
”⇐” Let x ∈ A such that there exists an nonempty open set
U ⊂ suppP (x) ∩ suppP (−x)
Without loss of generality we may assume that U is clopen (as SpecA is a Stone space). Define
f : SpecA −→
⋃˙
p∈SpecA
A/p
by
f(p) =
{
xmod p p ∈ U
0 p 6∈ U
Since A is a von Neumann regular ring, we can identify Ap and A/p (i.e. they are canonically
isomorphic as fields) and regard f as an element of the global section of the (canonical) structure
sheaf of A. Thus we may regard f as an element of A and identify f mod p with the germ f(p) in
the stalk Ap ∼= A/p.
Choose the following eporfs of A
B1 =
∏
p 6∈U
ρ(A(γp))×
∏
p∈U
ρ(A(αp))
B2 =
∏
p 6∈U
ρ(A(γp))×
∏
p∈U
ρ(A(βp))
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where for p 6∈ U , we choose γp ∈ supp−1(p) and for p ∈ U
αp, βp ∈ supp−1(p)
is chosen in such a way that αp ∈ P (x) and βp ∈ P (−x).
One now observes that f > 0 in B1 and f < 0 in B2. Moreover, we have the following
commutative diagram of porings
A Bi Bi/Ii
Ci B(Bi/Ii)
i = 1, 2
.....................................
......
.....
....................................
....
.
................................................
...
..........................................................
...
..........
.....................................................................................
......
.....
where the right vertical map is the canonical morphism and Ii is an ideal of Bi making A→ Bi/Ii
an essential extension of Ai, and Ci := ic(A,B(Bi/Ii)). By Proposition 50 and Theorem 37, we
know that the porings C1 and C2 are real closure ∗ of A. A can be regarded as a subring of Bi/Ii
and we know in particular that
f ∈ (B1/I1)+\{0} ⇒ f ∈ B(B1/I1)+\{0} and f ∈ −(B2/I2)+\{0} ⇒ f ∈ −B(B2/I2)+\{0}
Thus
f ∈ C+1 \{0} and f ∈ −C+2 \{0}
making us conclude that
C1 6∼=A C2
Definition. Let (A,A+) be a poring. By a section of supp : SpecA→ SperA, we mean a map
s : SpecA→ SperA
such that supp ◦ s = idSpecA, where for any set X by idX we mean the identity map
idX : X −→ X x 7→ x
Theorem 66. Let A, with partial ordering A+, be a real Baer regular ring, then there is a
canonical one to one correspondence between the set of all real closure ∗ of A identified up to
A-isomorphisms and the set of continuous sections of suppA.
Proof. Set
S := {s : SpecA→ SperA : s is continuous and supp ◦ s = idSpecA}
and C := D/ ∼=A where
D := {C : C is a real closure ∗ of A}
We now define a bijection Φ : S → C. Let s ∈ S, since s is a section of supp (i.e. supp ◦ s =
idSpecA), A can be considered as a subring of
B :=
∏
p∈SpecA
ρ(s(p))
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B is a real closed ring (see Remark 18), and therefore suppB is a homeomorphism. We thus have
the following commutative diagram of spectral spaces
SperA
SpecA
SperB ∼= SpecB
.......................................
...
supp
............................................................
φ
..............................................................................................
...
ψ
where φ and ψ are canonical maps.
Now for any set Z ⊂ SpecB, define
IB(Z) :=
⋂
p∈Z
p
Define X := s(SpecA) and observe then that
IB(φ−1(X)) ∩A =
⋂
p∈φ−1(X)
p ∩A =
⋂
p∈φ−1(X)
ψ(p)
=
⋂
p∈φ−1(X)
supp(φ(p)) =
⋂
q∈supp◦φ(φ−1(X))
q
=
⋂
q∈supp(X)
q = 〈0〉
The last row of the above equation is because φ is surjective and that
supp(X) = supp(s(SpecA)) = SpecA
We may therefore, by Zorn’s Lemma, choose an ideal I EB such that IB(φ−1(X)) ⊂ I and
A ↪−→ B −→ B/I
is an essential extension of A. Set Y := SpecB/I ∼= SperB/I (Because B/I is real closed, see
Remark 18), we then have the following commutative diagram
SperA Y
SpecA
................................................................................................
pi
.......................................
...
supp
.........................................................................................................
...
γ
where pi and γ (γ is a homeomorphism by Raphael’s Lemma) are canonical maps. Define
s′ : SpecA −→ X s′(p) := s(p)∀p ∈ SpecA
We now claim . . .
Claim 1: s′ ◦ supp|X = idX
We know
s′ ◦ supp ◦ s′ = s′
and we know that s′ is bijective (as s is a section and therefore injective). So we may compose
the right side by s′−1 and we get the desired identity!
Claim 2: pi(Y ) = X
Since I ⊃ IB(φ−1(X)) and since we know that φ−1(X) is closed (this is because φ is continuous
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and s is a continuous map between a compact space and a Hausdorff space, and so X = s(SpecA)
and φ−1(X) are closed) in SpecB, we then know that
Y ∼= VB(I) ⊂ VB(IB(φ−1(X))) = φ−1(X)
This imples that
pi(Y ) = φ(VB(I)) ⊂ φ(φ−1(X)) ⊂ X
therefore pi(Y ) ⊂ X and so by Claim 1 we get
s ◦ γ = s ◦ supp ◦ pi = pi
In other words we have the commutative diagram
SperA Y
SpecA
................................................................................................
pi
....
....
....
....
....
....
....
....
....
......
s
.........................................................................................................
...
γ
but s ◦ γ(Y ) = pi(Y ) = s(SpecA) = X (because γ is a homeomorphism and thus a surjection).
Now define
Φ(s) := ic(A,B/I)/ ∼=A
we need yet to show that Φ defined in this way for any s ∈ S is . . .
Claim 3: well-defined
In other words we need to show that for s ∈ S, Φ(s) is in C and is independent of the choice
of I (as constructed above). Let B and I E B be as constructed above. Because B/I is a von
Neumann regular ring that is essential over the Baer ring A, B/I is Baer and real closed (by
Raphael’s Lemma and Remark 18). Therefore B/I is a real closed ∗ ring (by Theorem 34). And
so by Proposition 50 ic(A,B/I) ∈ D. This proves that Φ(s) ∈ C.
Now suppose that I1, I2 are two ideals in B such that
I1, I2 ⊃ IB(φ−1(X)
and such that B/I1, B/I2 are essential extensions of A. We show that
ic(A,B/I1) ∼=A ic(A,B/I1)
Let i = 1, 2 and define Ci := ic(A,B/Ii). We then have the following commutative diagram of
porings
A B/Ii
Ci
................................................................................................
......
.....
............................................................................................................
.
....
...
....
....
....
....
....
....
....
....
......
..........
with all the maps being canonical injections (whose spectral maps on their prime spectra are all
homeomorphic). Now suppose that p ∈ SpecA then there is a unique pi ∈ SpecB/Ii such that
pi∩A = p (in fact pi = pB/Ii by Raphael’s Lemma). Now according to the commutative diagram
in Claim 2, we have the following commutative diagram of spectral spaces
SperA
SpecA
SperB/Ii ∼= SpecB/Ii
i = 1, 2
....................................................................
pii
....
....
....
....
....
....
....
....
....
......
s
...................................................................................................................
...
γi
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where pii, γi are canonical maps. Therefore sγi(pi) = pii(pi) = s(p) and so because Ci/pCi and
B/pi are real closed fields we obtain
Ci/pCi = ic(A/p, B/pi) ∼=A/p ρ(s(p))
And because the choice of p ∈ SpecA was arbitrary, we conclude by Theorem 52 that
C1 ∼=A C2
Claim 4: injective
Let s, t ∈ S. Suppose also that Φ(s) = Φ(t). Let C ∈ D such that
Φ(s) = Φ(t) = C/ ∼=A
as we have seen in Claim 3, we know that for all p ∈ SpecA one has
ρ(s(p)) ∼=A/p C/pC ∼=A/p ρ(t(p))
Thus, one concludes that for all p ∈ SpecA one has s(p) = t(p) and therefore s = t
Claim 5: surjective
Let C ∈ D. One then has the following commutative diagram of spectral spaces
SperA
SpecA
SperC ∼= SpecC
.......................................
...
supp
............................................................
pi
..............................................................................................
...
γ
where γ and pi are canonical maps. So here, for any q ∈ SpecC (because C is real closed) we have
the identity
ρ(A(pi(q))) ∼=A/q∩A C/q
Now define
s : SpecA→ SperA s(p) := pi(γ−1(p))∀p ∈ SpecA
We show first that s ∈ S. For all p ∈ SpecA we get
supp ◦ s(p) = supp ◦ pi(γ−1(p)) = γγ−1(p) = p
Thus supp◦s = idSpecA (i.e. s is indeed a section of supp). Because both pi and γ−1 are continuous
maps we see then that s is a continous map.
We now show that Φ(s) = C/ ∼=A. Let C ′ ∈ D such that C ′/ ∼=A= Φ(s). From Claim 3 we
have seen that for any p ∈ SpecA we have
C ′/pC ′ ∼=A/p ρ(s(p)) = ρ(A(piγ−1(p))) ∼=A/p C/pC
One then uses Theorem 52 to claim that C ∼=A C ′.
Proposition 67. Let A, with partial ordering A+, be a real von Neumann regular ring, then a
section of suppA is a homeomorphism onto its image iff it is continuous.
Proof. The proof is quite straightforward. One side of the equivalence is trivial.
A continuous section of supp brings a closed set to a closed set in the image (because it is
a continuous map from a compact space to a Hausdorff space). The section itself is obviously
injective, thus it is a homeomorphism onto its image.
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Let A, with partial ordering A+, be a real Baer regular ring, and set X := SpecA and
Y := SperA. We shall denote the set of continuous functions from X to Y as C(X,Y ).
C(X,Y ) may have the point convergence topology which is simply the topology relative to the
product topology of Y X . A finer topology would be the compact-open topology (see [29] p.4).
As is shown in Theorem 1.1.3 of [29], most reasonable topologies of C(X,Y ) contain the point
convergence topology. So if we show that a subset of C(X,Y ) is closed with respect to the point
convergence topology then it is usually closed in the other topologies of C(X,Y ) (namely those
induced by closed networks on X, for terminologies and further reading the reader is advised to
consult [29] Chapter I).
Let us first concern ourselves with the point convergence topology. Below is a result after a
short correspondence with K.P. Hart during one of our mathematical discussions.
Lemma 68. (K.P. Hart, 12.2007) Let pi : Y → X be a surjective continuous function between T1
topological spaces. The set of continuous sections of pi is closed in C(X,Y ) (i.e. set of continuous
functions from X to Y ) with the point convergence topology.
Proof. Let
Fx := {f ∈ Y X : f(x) ∈ pi−1(x)}
then this set is obviously closed in Y X with the product topology, and the set of continuous
sections of pi can be written as the intersection⋂
x∈X
Fx ∩ C(X,Y )
and this is closed in C(X,Y ) with the point convergence topology.
Corollary 69. Let A, with partial ordering A+, be a real Baer von Neumann regular ring, then
the set of real closure ∗ of A identified upto A-isomorphism form a Hausdorff topological space and
can be identified as a closed subspace of C(SpecA, SperA) with the point convergence topology
(and thus also Hausdorff for other topologies induced by closed networks on SpecA as defined in
[29] p.3, see Theorem 1.1.3 of [29])
Proof. Because of Theorem 66, we may identify the set of real closure ∗ of A with the set of
continuous sections of suppA. Set X := SpecA and Y := SperA and write C(X,Y ) to be the set
of continuous functions from X to Y and use the above Lemma substituting pi with suppA.
During the investigation of von Neumann regular rings, I made many use of the Baer hull of
the ring. It was therefore natural to ask the question whether the Baer hull and the complete ring
of quotients of such rings coincide. The example below shows that one may indeed have a Baer
von Neumann regular ring that is not rationally complete.
Example. Let K be a real field (say R). Also define a ring
R :=
∏
x∈K
Kx Kx := K ∀x ∈ K
with componentwise addition and multiplication. We may also from now on regard K as a subring
R by taking the diagonal monomorphism
K ↪−→ R k 7→ {kx|x ∈ K, kx = k}
We now define a subring of R
A := {
n∑
i=1
eixi : n ∈ N, ei ∈ E(R), xi ∈ K, i = 1, . . . , n}
We shall now give some facts regarding A with sketches of their proof
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Claim 1 For any a ∈ A we claim that we may write a as
a =
n∑
i=1
eixi
with xi ∈ K and for i = 1, . . . , n we have ei ∈ E(R) with each of the ei’s having pairwise disjoint
supports, in other words
{x ∈ K : ei(x) 6= 0} ∩ {x ∈ K : ej(x) 6= 0} = ∅ i, j = 1, . . . , n i 6= j
To show this, we first write a as
∑m
i=1 fiyi for some yi ∈ K and fi ∈ E(R) (by definition of
A). Now we define S to be the powerset of {1, . . . ,m} without the empty set and for any S ∈ S
set
eS :=
∏
j∈S
fj
∏
k 6∈S
(1− fk)
and
XS := {x ∈ X : fS(x) 6= 0}
Then one shows that for any S, T ∈ S such that S 6= T we get XS ∩ XT = ∅ and we have the
identity
a =
m∑
i=1
fiyi =
∑
T∈S
eT ∑
j∈T
yj

Thus we may write a as a linear combination of 2n−1 idempotents with pairwise disjoint support.
Claim 2 One checks that A is a proper subring of R. To check that A is strictly contained in R,
one need to only show that the element r ∈ R defined by r(x) = x is not in A. To do this we
note a fact that r can never be written as K-linear combination of finite idempotents of R with
pairwise disjoint supports, and then we use Claim 1.
Claim 3 We now claim that A is in fact von Neumann regular. Let a ∈ A\{0}, then we may write
a as
a =
n∑
i=1
eixi xi ∈ K\{0}, ei ∈ E(R)\{0}
with ei’s having pairwise disjoint supports. Then define a′ ∈ A by a′ =
∑
eix
−1
i , one easily sees
that a′ is the quasi-inverse of a, i.e. a2a′ = a. Because a was an arbitrary nonzero element of A,
we have proven that any element of A has a quasi-inverse and so the ring is von Neumann regular.
Claim 4 R is a rational extension of A and A is a Baer proper subring of R. R is obviously a
rationally complete ring (it is a product of fields). And if r ∈ R\{0} then one can easily multiply
it by an idempotent with finite support to have an element in A. So R is the complete ring of
quotients of A. A also has all the idempotents of R, thus A is Baer by Mewborn’s Proposition
(see Proposition 20).
¥
Theorem 70. Let A, with partial ordering A+, be a real von Neumann regular ring and consider
the pullback
SperA×SpecA SpecB(A) SperA
SpecB(A) SpecA
...................................
.
.......................................
...
suppA
.......................................
...
............................................................................
.
φp
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with φp being the canonical map (i.e. φp(p˜) := p˜ ∩ A for all p˜ ∈ SpecB(A)). It turns out then
that the fiber product
SperA×SpecA SpecB(A)
is (canonically) homeomorphic to SperB(A).
Proof. Abbreviate B := B(A), set X := SperA ×SpecA SpecB and name the projection of the
pullback by
piA : X −→ SperA
and
piB : X −→ SpecB
Then we have the following commutative diagram of topological spaces
SperB SperA
SpecB SpecA
......................................................................................
.
φr
.......................................
...
suppA
.......................................
...
suppB
.....................................................................................
.
φp
where φr is the canonical map. By the universal property of the pullback there is a unique
continuous map ψ : SperB → X such that the diagram below commutes
X SperA
SpecB SpecA
SperB
.........................................................
.
piA ..........................................
suppA
.......................................
...
piB
...............................................
.
φp
...............................................................
.ψ
.............................................................................................................................................
φr...........................................................................
suppB
This Theorem claims that ψ is in fact a homeomorphism.
Observe that because B is an integral poring extension of A, one has for any α˜ ∈ SperB the
identity
ρ(A(α)) ∼=A/supp(α) ρ(B(α˜))
(see also Lemma 46(i)) where α := α˜ ∩A = φr(α˜). Now we show that . . .
ψ is injective
Let α˜, β˜ ∈ SperB such that ψ(α˜) = ψ(β˜) =: x for some x ∈ X. Then
piA(x) = α˜ ∩A = β˜ ∩A =: α ∈ SperA
for some α ∈ SperA, this implies that
ρ(B(β˜)) ∼=A/supp(α) ρ(A(α)) ∼=A/supp(α) ρ(B(α˜))
Also
piB(x) = suppB(α˜) = suppB(β˜) = p˜ ∈ SpecB
for some p˜ ∈ SpecB. But the prime cone α˜ of B can be regarded also as the pair
(ρ(B(α˜)), suppB(α˜)) = (ρ(A(α)), p˜) = (ρ(B(β˜)), suppB(β˜))
see for instance [25] §3 or Proposition 1.3 in [2] so in fact α˜ = β˜.
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ψ is surjective
We may regard the elements of X as pairs of the form (α, p˜) ∈ SperA × SpecB such that
suppA(α) = p˜ ∩ A = φp(p˜). Thus let (α, p˜) ∈ X and let the prime cone of B associated to
the pair (ρ(A(α)), p˜) be denoted by α˜, in fact specifically
α˜ = {b ∈ B : bmod p˜ ∈ ρ(A(α))+}
(see for instance remark in [25] after Satz 1, p.108). Then suppB(α˜) = p˜ and α˜ ∩ A = φr(α˜) = α
and therefore (by the definition of X) we get ψ(α˜) = (α, p˜).
It is easy to see that X is also a Stone space, therefore we have a continuous bijection ψ between
the compact space SperB and the Hausdorff space X. So this is a closed continuous bijection and
thus it is a homeomorphism.
Definition. Let X be a topological space with topology T then
1. An open filter, U on X is a subset of T which is also a filter (with the usual containment as
partial ordering)
2. Similarly one defines an open ultrafilter on X
Below is a construction of absolutes of Hausdorff space developed by Porter and Woods in [35]
§6.6 and in [34] §3.1.
Construction 71. (Iliadis absolutes) Let X be a Hausdorff space with topology T . It is shown
in [35] §6.6(d) that if U is an open ultrafilter on X one has⋂
U∈U
U 6= ∅ ⇔ ∃x ∈ X −
⋂
U∈U
= {x}
The Gleason space of X, denoted θX, consists of the set of all open ultrafilters on X equipped
with a topology generated by the open basis consisting of the sets of the form
{U ∈ θX : U ∈ U} U ∈ T
The Iliadis absolute or absolute of X is defined by
EX := {U ∈ θX :
⋂
U∈U
U 6= ∅}
and it is equipped with the subspace topology of θX. It is shown in [35] §6.6(e) that EX is Stone
and extremally disconnected.
There is a surjection from EX to X, which we shall call the projection of the absolute of X
and denote it by piX which is defined by
piX : EX −³ X pi(U) :=
⋂
U∈U
U ∀U ∈ EX
It is shown in [35] §6.6(e)(6) that X is regular (as topological space) iff piX is continuous. In
particular if X is Stone then piX is a continuous map.
¥
Definition. A function f : X → Y between two topological spaces is called an irreducible surjec-
tion iff the function is continuous, surjective, closed and for any proper closed set C ( X we have
f(C) ( Y .
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The above definition can be found in [35] 6.5(a). However, when discussing about a function
having the property in the above definition we always accompany the word irreducible with the
word surjection in order to avoid confusion (because ”irreducible” is very frequently used in
mathematics and could mean many different things).
Lemma 72. Let A be a von Neumann regular ring, then the canonical map φ : SpecB(A) →
SpecA is an irreducible surjection
Proof. It is clear that φ is continuous, closed (because SpecA is Hausdorff and SpecB(A) is
compact) and surjective (see for instance [37] Lemma 1.14). Suppose now that there is a closed
set C ( SpecB(A) such that φ(C) = SpecA.
Without loss of generality we may assume C to be of the form VB(A)(b) for some b ∈ B(A)\{0}
(SpecB(A)\C is open, so there is a nonempty basic open set contained in it). Now because B(A)
is a rational extension of A, there is an a ∈ A such that ba ∈ A\{0}. We know by Lemma 63 that
φ(VB(A)(ab)) = VA(ab) (because we have a regular ring, we can express VB(A)(ab) = DB(A)(x) for
some x ∈ A) and so
VB(A)(b) ⊂ VB(A)(ab)⇒ SpecA = φ(VB(A)(b)) ⊂ φ(VB(A)(ab)) = VA(ab) = SpecA⇒ ab = 0
which is a contradiction.
Because the above Lemma only uses the fact that B(A) is a rational extension of A, we can
use the same proof to show . . .
Corollary 73. Let A be a von Neumann regular ring and let B be a rational extension of A, then
the canonical map
SpecB −→ SpecA
is an irreducible surjection.
Proposition 74. If A is a von Neumann regular ring, then there is a homeomorphism
ψ : ESpecA→ SpecB(A)
such that φ ◦ ψ = piSpecA, where
φ : SpecB(A)→ SpecA
is just the canonical map.
Proof. This is an immediate consequence of the above Lemma, the fact that SpecA is a regular
space (since it is Stone), [35] §6.7(a) and [35] §4.8(h)(3).
So we do see that no direct information of the ring structure of B(A) (for a real regular ring
A) is necessary to obtain information about the topological space SpecB(A) and SperB(A), the
only information we needed for these topological spaces were those of SpecA and SperA.
Now we try to classify the real closure ∗ of an arbitrary real von Neumann regular ring. One
may expect a combination of Lemma 61 and a modification of Theorem 66, however the result
is rather more complicated than just that. We may indeed argue that the set of real closure ∗
of a real regular ring, say A with partial ordering A+, is the same as the set of real closure ∗
of its Baer hull (from Lemma 61). But we are dealing here with the sets with an equivalence
relation that identify the real closure ∗ of A upto A-isomorphisms. And we are not aware whether
B(A)-isomorphism and A-isomorphism of the real closure ∗ are equivalent. What has been just
discussed is best illustrated by the following Proposition (and its proof).
Proposition 75. Let A, with partial ordering A+, be a real regular ring and set B to be the Baer
hull of A. Define now the following
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1. S := {s : SpecB → SperB : s is a continuous section of suppB}
2. C := {C : C is a real closure ∗ of A} = {C : C is a real closure ∗ of B}
3. pir : SperB → SperA α˜ 7→ α˜ ∩A
4. an equivalence relation ∼ on S
s ∼ t⇔ suppA(pir(s(SpecB)) ∩ pir(t(SpecB))) = SpecA (s, t ∈ S)
Then there is a (canonical) bijection
Φ : S/ ∼½→ C/ ∼=A
Proof. Define first ΦB : S → C/ ∼=B to be the bijection between the continuous sections of suppB
and the real closure ∗ of B upto B-isomorphism as shown in Theorem 66. Now for s ∈ S set Cs
to be a chosen ring in C such that ΦB(s) = Cs/ ∼=B .
We first show that ∼ is actually an equivalence relation on S. The only difficulty actually lies
on proving transitivity. Let s, t ∈ S, then we claim
s ∼ t⇔ Cs ∼=A Ct
(independent of the choices of Cs and Ct)
We see that the following are equivalent
(i) s ∼ t
(ii) For all p ∈ SpecA, there exists p˜s, p˜t ∈ SpecB and α ∈ SperA such that
p˜s ∩A = p˜t ∩A = suppA(α) = p
and such that
s(p˜s) ∩A = t(p˜t) ∩A = α
(iii) For all p ∈ SpecA, there exists p˜s, p˜t ∈ SpecB and α ∈ SperA such that
p˜s ∩A = p˜t ∩A = suppA(α) = p
and such that
Cs/p˜sCs ∼=A/p Ct/p˜tCt ∼=A/p ρ(B(s(p˜s))) ∼=A/p ρ(B(t(p˜t))) ∼=A/p ρ(A(α))
(iv) Cs ∼=A Ct
Now for any s ∈ S let us denote s¯ as the image of s in S/ ∼. For such an s we set
Φ(s¯) := Cs/ ∼=A
and we show that Φ defined in such way is . . .
well-defined. This follow from our claim that
s ∼ t⇔ Cs ∼=A Ct
bijective. Injectivity is clear, because if Φ(s¯) = Φ(t¯) for some s, t ∈ S then by construction of Φ
we get Cs ∼=A Ct which is equivalent to s ∼ t.
Surjectivity is due to the fact that for any real closure ∗ of A say C, there is an s ∈ S such
that ΦB(s) = C/ ∼=B . And we thus have Φ(s) = C/ ∼=A.
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4 Some topologies for f-ring partial orderings of Baer reg-
ular rings
In this Section we will show a different characterisation of real closed ∗ von Neumann Baer regular
rings that uses the so-called f -ring partial orderings of porings. In general, maximal partial
orderings and f -ring partial orderings of von Neumann regular rings are compared. A few notable
results on irreducible surjections of Stone spaces can be found. The results on universal property on
the absolutes of Stone spaces is used to handle deck transformation group of irreducible surjections
(see Proposition 82, which shows that this group is trivial). We obtain another characterisation of
the uniqueness of real closure ∗ of real von Neumann regular ring by comparing it with its complete
ring of quotients. We study the different topologies of the set of maximal partial orderings of a
real Baer von Neumann regular ring. We also give an example of a real von Neumann ring that
cannot have an f -ring ordering. We then give a new characterisation for real closed ∗ regular rings
(not necessarily Baer) that uses the information on the topologies of the real spectrum and the
prime spectrum of the ring only.
Finally, we compile all the known characterisations of real closed ∗ Baer von Neumann regular
rings.
Lemma 76. Let A, with partial ordering A+, be a real von Neumann regular ring, then for any
a ∈ A, P¯ (a) (and thus also P (a)) is clopen in SperA.
Proof. We know P¯ (a) is closed in SperA, since P¯ (a) = ¬P (−a) and we know that P (−a) is a
basic open set in SperA. We also know that P¯ (a) = Z(a)
.∪ P (a). But clearly Z(a) is open in
SperA since
Z(a) = {α ∈ SperA : a ∈ supp(α)} = supp−1(V (a)) = supp−1(V (aa′)) = supp−1(D(1− aa′))
where a′ is the quasi-inverse of A (as A is a regular ring). Thus P¯ (a) is open as well.
Proposition 77. Let (A,A+) be a partially ordered regular ring. There is a natural bijection
between the set defined by
S := {s : SpecA→ SperA : s is a continuous section of supp}
and the set defined by
P := {P : A+ ⊂ P, P is a partial ordering of A and (A,P ) is an f -ring}
Proof. Define Φ : S → P by
Φ(s) :=
⋂
p∈SpecA
s(p) s ∈ S
we need to first show that . . .
1.) Φ is a well-defined map
Suppose s ∈ S, we need to show that Φ(s) is a partial ordering of A. Let x ∈ Φ(s) ∩ −Φ(s) then
one has
x ∈ s(p) ∩ −s(p) = supp(s(p)) = p ∀p ∈ SpecA
Therefore
x ∈
⋂
p∈SpecA
p = {0}
the other properties of partial ordering are then easily checked for Φ(s).
It is also quite clear that A+ ⊂ Φ(s). Now, we need only check whether the poring (A,Φ(s))
(i.e. with ring A and partial ordering Φ(s)) is an f -ring. For this we claim
Φ(s) ⊂ α⇔ α ∈ s(SpecA) s ∈ S, α ∈ SperA
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”⇐” is clear, since if α ∈ s(SpecA) then there exists a p ∈ SpecA such that s(p) = α but then
by definition of Φ(s) one gets Φ(s) ⊂ s(p) = α.
”⇒” Let X := s(SpecA) and suppose that α 6∈ X, we can then choose for all β ∈ X an
xβ ∈ β\α. One then has the identity ⋃
β∈X
P¯ (xβ) ⊃ X
Since X is compact, by the previous Lemma, we have finitely many x1, . . . , xn ∈ A\α such
that P¯ (xi) ∩X 6= ∅ for i = 1, . . . , n and
n⋃
i=1
P¯ (xi) ⊃ X
define now
X1 := P¯ (x1) ∩X
Xi := (P¯ (xi) ∩X)\(
i−1⋃
j=1
Xj) i = 2, . . . , n
then Xi is clopen in X for all i = 1, . . . , n (because P¯ (xi) is clopen by Lemma 76) and the Xi’s
are mutually disjoint covering X.
Define also
Yi := supp(Xi) i = 1, . . . , n
then these Yi’s are also clopen (because supp|X is a homeomorphism), mutually disjoint and covers
SpecA.
Define also
f : SpecA→
⊔
p∈SpecA
Amod p f(p) := ximod p (p ∈ Yi)
Now f can be identified as an element of the global ring of the structure sheaf of A, i.e. f ∈
O(SpecA) ∼= A (since Amod p ∼= Ap for a regular ring A).
Now let β ∈ X we then have a unique (because Xi’s and Yi’s are mutually disjoint) i ∈
{1, . . . , n} such that β ∈ Xi and supp(β) ∈ Yi. We then know that
f(supp(β)) ≡ ximod supp(β)
and identifying f as an element of A we realize that f ∈ β since xi ∈ β. Since the choice of β ∈ X
was arbitrary we may conclude that
f ∈
⋂
β∈X
β = Φ(s)
Now we know that there is a j ∈ {1, . . . , n} such that supp(α) ∈ Yj (since Yj covers SpecA).
We thus know that
f(supp(α)) ≡ xj mod supp(α)
However, because xj 6∈ α, we need to have (by identifying f as an element of A) f 6∈ α (the above
equation means f ∈ xj + supp(α)). Thus, we have shown that there is an element f ∈ Φ(s) that
is not in α, in other words Φ(s) 6⊂ α.
To recapitulate we have shown the equivalence
Φ(s) ⊂ α⇔ α ∈ s(SpecA) s ∈ S, α ∈ SperA (*)
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Let (A′, A′+) be the poring with A′ = A and A′+ = Φ(s). By the above equivalence one sees
immediately that suppA′ is a homeomorphism from s(SpecA) to SpecA. Thus we have a von
Neumann regular poring (A′, A′+) whose support map between the real spectrum and the prime
spectrum is a homeomorphism. This regular poring must then be an f -ring (see [39] Proposition
17.1).
2.) Φ is bijective
Let (B,B+) be a poring such that B := A and B+ ∈ P, then suppB is a homeomorphism (see
[39] Proposition 17.1). Consider now
supp−1B : SpecB −→ SperB
since SpecB = SpecA and SperB is a subspace of SperA, we may extend supp−1B to a continuous
injective map
s : SpecA −→ SperA s(p) := supp−1B (p) ∀p ∈ SpecA
and clearly
supp ◦ s = idSpecB = idSpecA
thus s ∈ S. Also, observe that
B+ ⊂
⋂
β∈SperB
β =
⋂
β∈s(SpecA)
β =
⋂
p∈SpecA
s(p) = Φ(s)
Because we know from the proof of 1.) that Φ(s) is a partial ordering of B, we can then only
conclude that B+ = Φ(s) (this is because B is a reduced f -ring and we know by [39] Proposition
1.11 that the partial orderings of reduced f -rings cannot be ”strengthened”). Thus we have shown
here that Φ is surjective.
Let now Φ(s) = Φ(t) for s, t ∈ S. We know from the equivalence (∗) in 1.) that
s(SpecA) = {α ∈ SperA : Φ(s) ⊂ α} = {α ∈ SperA : Φ(t) ⊂ α} = t(SpecA)
Thus we may define X := s(SpecA) = t(SpecA). Because we know that supp|X is a homeomor-
phism, we have
(supp|X) ◦ s = (supp|X) ◦ t = idSpecA ⇒ t = s
With this we also showed that Φ is injective and the entire proof is now done.
Definition. Let A, with partial ordering A+, be a real von Neuman regular ring with partial
ordering A+. The set P as described in the proof of Proposition 77 will henceforth be called the
set of f -ring partial orderings of A. And an element of P is called an f -ring partial ordering of A.
Thus by using Theorem 66, one has the following corollary
Corollary 78. If (A,A+) is a partially ordered, Baer and regular ring then:
There is a natural bijection between the set of real closure ∗ of A identified upto A-poring-
isomorphisms and the set of f -ring partial orderings of A.
Lemma 79. (i) Let A be a regular ring, then E(A) forms a Boolean ring with ring operations
e ·′ f := e · f for multiplication
e+′ f := e(1− f) + f(1− e) for addition
and there is a homeomorphism
φ : SpecA −→ SpecE(A) p 7→ p ∩ E(A)
whose inverse is given by
φ−1 : SpecE(A) −→ SpecA p˜ 7→ p˜A
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(ii) If A and B are regular rings and f : A→ B is a ring homomorphism (in the usual sense in the
category of commutative unitary rings), then we have an induced Boolean ring homomorphism
f˜ : E(A) −→ E(B) f˜(e) := f(e) ∀e ∈ E(A)
with E(A) and E(B) having the Boolean ring structure as described in (i)
Proof. (i) The fact that E(A) is indeed a Boolean ring with the above defined operations is a
well known result and they can be derived from [33] p.4-5 and [28] §1.1 Proposition 3. Because
E(A) with the operations above is a Boolean ring, its prime spectrum SpecE(A) is indeed a
Boolean/Stone space and E(A) is in general a von Neumann regular ring.
Let e, f ∈ p ∩ E(A) for some p ∈ SpecA , then it is not difficult to see that e +′ f ∈ E(A)
and e+′ f ∈ p. Let e ∈ p ∩ E(A) and f ∈ E(A), then ef ∈ p ∩ E(A) as well. Also if e, f ∈ E(A)
and ef ∈ p ∩ E(A) then clearly either e ∈ p or f ∈ p. Thus we have indeed φ(p) ∈ SpecE(A)
(well-definedness of φ).
Let now p˜ ∈ SpecE(A), we claim that p˜A ∈ SpecA and that p˜A ∩ E(A) = p˜. We need only
claim that p˜A ∈ SpecA, because we know by the zero-dimensionality of E(A) that one has
p˜A ∩ E(A) ⊃ p˜⇔ p˜A ∩ E(A) = p˜
Suppose e, f ∈ p˜ and x, y ∈ A, we want to check whether ex+ fy ∈ p˜A. We may without loss of
generality assume that e, f have disjoint support (i.e. ef = 0. Because ex + fy = ef(x + y) +
e(1− f)x+ f(1− e)y and e(1− e) = f(1− f) = 0). By this assumption we however have
ex+ fy = (e+ f)(ex+ fy) = (e+′ f)(ex+ fy) ∈ p˜A
Thus p˜A is ”closed under addition”, ”absorption” is clear i.e. for all e ∈ p˜ and x, y ∈ A we clearly
have exy ∈ p˜A. This shows that p˜A is an ideal in A. To show it is prime, let a, b, x ∈ A and
e ∈ p˜ such that ab = ex, suppose furthermore that a 6∈ p˜A. Also suppose that a′, b′ ∈ A are the
respective quasi-inverses of a and b. Then a′ 6∈ p˜A, otherwise because we know that p˜A is an ideal
we have a = a2a′ ∈ p˜A a contradiction. Now then aa′bb′ ∈ p˜A∩E(A) = p˜ (because p˜ is a maximal
ideal in E(A)) and aa′ 6∈ p˜, thus because p˜ is a prime ideal in E(A) we have bb′ ∈ p˜. In other
words b = b2b′ ∈ p˜A. So p˜A is indeed a prime ideal of A.
We have thus proved surjectivity of φ, i.e. given p˜ ∈ SpecE(A) we have p˜A ∈ SpecA and
φ(p˜A) = p˜.
Let us show the injectivity of φ. Supposing by contradiction that there are p, q ∈ SpecA with
p 6= q and p ∩ E(A) = q ∩ E(A). A is a regular ring, so p\q 6= ∅, let then a ∈ p\q. Let a′ ∈ A
be the quasi-inverse of a, then aa′ ∈ p\q (since if aa′ ∈ q then a2a′ = a ∈ q a contradiction).
We also know that aa′ is an idempotent, i.e. aa′ ∈ E(A). These all imply that aa′ ∈ p ∩ B(A)
however aa′ 6∈ q ∩ E(A) and this contradict our assumption that p ∩ E(A) = q ∩ E(A). And so
the injectivity of φ is shown.
With this we have not only shown that φ is bijective, but also shown that the inverse φ−1 is
indeed as described.
We show the continuity of φ. Let e ∈ E(A) and consider DE(A)(e) then
φ−1(DE(A)(e)) = {p ∈ SpecA : φ(p) ∈ DE(A)(e)}
= {p ∈ SpecA : e 6∈ p ∩ E(A)} = {p ∈ SpecA : e 6∈ p} = DA(e)
and thus we may conclude that φ is continuous.
Since φ is a continuous, bijective map between two Stone spaces, it is as well a homeomorphism.
(ii) This is an almost straightforward result from the definition of ring structure of E(A) and E(B)
in (i)
I wasn’t able to find a direct statement of the above Lemma in the references I had. However,
the Lemma is a well known result and it is probably known for around seven decades already.
After a short communication with R.G. Woods, he showed me the proof of the coming Lemma
which will be needed to prove Theorem 83
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Lemma 80. (Woods, 01.2008) Let X,Y, Z be Stone spaces. Suppose furthermore that X,Y are
extremally disconnected and that there exist irreducible surjections f : X ³ Z and g : Y ³ Z.
Then there exists a unique homeomorphism h : X → Y such that f = g ◦ h.
Proof. The existence of h above is due to [35] §4.8(h)(3) and §6.7(a). So we only need to show
the uniqueness of h. Let h′ : X → Y be a homeomorphism such that f = g ◦ h′
Again, by [35] §4.8(h)(3) and §6.7(a), there is a homeomorphism k : Y → X such that g = f ◦k.
This implies that g = g ◦ h ◦ k and by [35] §6.6(e)(5) we learn that h ◦ k : Y → Y is the identity
map. A symmetrical argument shows that k ◦ h : X → X is also the identity map. This implies
h = k−1 and with a similar argument one also gets h′ = k−1 giving us h = h′.
The following are conclusions we can make from the above Lemma:
Lemma 81. Let f : X ³ Y be an irreducible surjection between a Stone space X and an
extremally disconnected Stone space Y . Then X is actually extremally disconnected and f is
actually a homeomorphism
Proof. It suffices to show that f is a homeomorphism. Let Xˆ be the absolute of X and pi : Xˆ ³ X
be the canonical projection of the absolute of X to X (see [35] §6). We know that Xˆ is extremally
disconnected and for our case pi is actually an irreducible surjection. Now
f ◦ pi : Xˆ −³ X −³ Y
is an irreducible surjection and so by Lemma 80 there is a unique homeomorphism h : Y → Xˆ such
that f ◦pi◦h = i, where i : Y → Y is just the identity map. So pi and f must be injective (otherwise
i is not) which implies that pi and f are actually homeomorphisms (continuous bijections of Stone
spaces are homeomorphisms).
Below is a little modification of Lemma 80
Proposition 82. Let X and Y be Stone spaces and let f : X ³ Y be an irreducible surjection,
then there is only one homeomorphism (namely the identity) h : X → X such that f ◦ h = f .
Proof. Clearly if h were the identity then f ◦ h = f . We just need to show that h can only be
the identity. We assume thus that h : X → X is a homeomorphism such that f ◦ h = f . Let
Xˆ and Yˆ be the absolutes (see Construction 71) of X and Y respectively. Let piX : Xˆ ³ X and
piY : Yˆ ³ Y be canonical projections (see the projection of absolutes as defined in Construction
71). By Lemma 80 there is a homeomorphism φ : Xˆ → Yˆ such that f ◦ piX = piY ◦ φ. In other
words, the absolutes of Y and X are homeomorphic and we may identify Xˆ and Yˆ . We now make
use of this identification as we go along the proof.
Again by Lemma 80, there is a unique homeomorphism i : Xˆ → Xˆ such that h ◦ piX = piX ◦ i.
Because piX is a surjection, it suffices to show that i is the identity map. But this is revealed by
the commutative square pyramid below and Lemma 80
Y
Yˆ = Xˆ X
Yˆ = Xˆ X
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h
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Theorem 83. Let A be a real regular ring and consider B(A) as an over-ring of A, then there
is only one (ring) automorphism of B(A) fixing A, namely the identity homorphism id : B(A)→
B(A).
Proof. Rename B(A) to B, suppose that there is an automorphism f : B → B such that the
diagram below is commutative
A
B
B
...........
...........
...........
...........
...........
...........
...........
...........
......
..
......
.
................................................................
...
f................................................................................................
....
...
(where the non-labeled maps are canonical injections) the claim is that f is no other than the
identity map. By Lemma 79(ii), the above diagram can be restricted to the Boolean rings of the
idempotents of A and B, namely
E(A)
E(B)
E(B)
...........
...........
...........
...........
...........
...........
...........
...........
.....
..
......
.
................................................................
...
f˜...............................................................................................
....
...
with f˜(e) = f(e) for e ∈ E(B). The above diagram is a commutative diagram in the category of
Boolean rings. Using Stone’s Representation Theorem ([24] Lemma 5.20, Theorem 7.8 and 8.2)
we may consider the dual of the above diagram in the category of Stone spaces. So we have
SpecE(A)
SpecE(B)
SpecE(B)
...................................................................
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
.......
Spec (f˜)
...........
...........
...........
...........
...........
.......... ......
By Lemma 79(i) the above diagram in the category of Stone spaces is equivalent to the one below
SpecA
SpecB
SpecB
..........................................................................................
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
.......
Spec (f)
............
............
............
............
............
............
.............
.....
where the unlabeled maps are canonical surjections SpecB ³ SpecA. We also know from Lemma
72 that the canonical surjections SpecB ³ SpecA are in fact irreducible surjections. Applying
Lemma 80, we conclude that Spec (f) is no other than the identity map (due to the uniqueness
stated in Lemma 80). This implies (by Lemma 79) that Spec (f˜) is also the identity map. Now
going back to the Stone’s Representation Theorem (for Boolean rings and Stone spaces), we
conclude that f˜ is the identity. Therefore f does not change the idempotents of B, in other words
for all e ∈ E(B) we have f(e) = e. Recall now that, from Mewborn’s Proposition (see Proposition
20) one has
B = {
n∑
i=1
aiei : n ∈ N, ai ∈ R, ei ∈ E(B)}
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and from this one can see that if f(e) = e for all e ∈ E(B) and if f(a) = a for all a ∈ A then f is
indeed the identity ring homomorphism.
With the above results one can easily conclude the Corollary below (using the argument that
two real closure ∗ of A are A-isomorphic iff they are B(A)-isomorphic)
Corollary 84. If A, with partial ordering A+, is a real von Neumann regular ring, then the set
of real closure ∗ of A upto A-poring-isomorphisms is the same as the set of real closure ∗ of B(A)
upto B(A)-poring-isomorphism. (i.e. there is a canonical bijection between these two sets).
Therefore, without loss of generality, we may as well only consider the real closure ∗ of the
Baer Hull of real regular rings when studying the real closure ∗ of them.
Theorem 85. A real von Neumann regular Baer ring B, with partial ordering B+, has a unique
real closure ∗ (upto B-poring-isomorphism) iff its complete ring of quotients Q(B) has a unique
real closure ∗ (upto Q(B)-poring-isomorphism).
Proof. Set Q := Q(B) to be the complete ring of quotients of B (with the usual partial ordering,
i.e. weakest partial ordering Q+ containing B+). Now we prove . . .
”⇐” If Q has a unique real closure ∗ upto Q-isomorphisms then by Corollary 78 Q has a unique
f -ring partial ordering P (i.e. partial ordering P ⊂ Q, with P ⊃ Q+ and (Q,P ) being an f -ring).
Now if B+1 and B
+
2 are f -ring partial orderings of B, one has by [26] Theorem 10.9 unique partial
orderings of Q, say Q+1 and Q
+
2 such that
(Q,Q+i ) is an f -ring and Q
+
i ∩B = B+i i = 1, 2
but because B+ ⊂ B+i (thus Q+ ⊂ Q+i ) and because of our initial assumption of Q we know that
Q+1 = Q
+
2 = P and therefore B
+
1 = B
+
2 . Thus we conclude that B has only one f -ring partial
ordering and so, by Corollary 78, B has a unique real closure ∗ upto B-isomorphisms.
”⇒” Let B have a unique real closure ∗ upto B-isomorphisms. By Corollary 78, there exists only
one f -ring partial ordering of B. Suppose that Q+1 and Q
+
2 are f -ring partial orderings of Q, then
by Lemma 32
(B,Q+i ∩B) is an f -ring for i = 1, 2
Now because B+ ⊂ Q+ ⊂ Q+i for i = 1, 2 we know that B+ ⊂ Q+i ∩ B. So Q+i ∩ B are actually
f -ring partial orderings of B. This shows then that Q+1 ∩ B = Q+2 ∩ B and using [26] Theorem
10.9 (the Theorem states, for our case, that there is a unique partial ordering of Q that restricts
to the f -ring partial ordering of B) we also finally know that Q+1 = Q
+
2 . Thus we may as well
conclude that Q has a unique f -ring partial ordering. And so, by Corollary 78, Q has a unique
real closure ∗ upto Q-isomorphisms.
From now on in this Section unless otherwise particularly stated, we shall regard A as a real
von Neumann regular ring with partial ordering A+.
Definition and Notation. Identify any set S ⊂ A with an element fS ∈ {0, 1}A defined by
fS(a) =
{
1 a ∈ S
0 a 6∈ S
This identification forms a bijection between the powerset of A and {0, 1}A and henceforth we
make this identification when necessary.
1. We now define some topologies for {0, 1}A
T˜ con is the product topology of {0, 1}A with {0, 1} having the discrete topology.
T˜ ∈ is the product topology of {0, 1}A with {0, 1} having the topology {∅, {1}, {0, 1}}
T˜ 6∈ is the product topology of {0, 1}A with {0, 1} having the topology {∅, {0}, {0, 1}}
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2. We make use of the following notations
Pˆ := {P : P is a partial ordering of A and P ⊃ A+}
P := {P : P is a maximal partial ordering of A and P ⊃ A+}
3. Define Tˆ con and T con to be the topologies of Pˆ and P respectively, considered as subspaces of
({0, 1}A, T˜ con). Define also in the same manner Tˆ ∈, T ∈, Tˆ 6∈ and T 6∈.
4. For a1, . . . , an ∈ A define
D˜∈(a1, . . . , an) := {S ⊂ A : a1, . . . , an ∈ S}, D˜ 6∈(a1, . . . , an) := {S ⊂ A : a1, . . . , an 6∈ S}
Dˆ∈(a1, . . . , an) := {P ∈ Pˆ : a1, . . . , an ∈ P}, Dˆ 6∈(a1, . . . , an) := {P ∈ Pˆ : a1, . . . , an 6∈ P}
D∈(a1, . . . , an) := {P ∈ P : a1, . . . , an ∈ P}, D 6∈(a1, . . . , an) := {P ∈ P : a1, . . . , an 6∈ P}
¥
Below we give some basic characterisations for von Neumann regular f -rings.
Lemma 86. Let A be a partially ordered von Neumann regular ring, with partial ordering A+.
Then the following are equivalent
1. (A,A+) is an f -ring
2. supp : SperA→ SpecA is an injection
3. For any prime ideal p ∈ SpecA, the factor field Amod p has A+mod p as total ordering.
Now if A is also Baer we can add a fourth equivalent condition namely
4. A+ is a maximal partial ordering, i.e. for any partial ordering P of A such that A+ ⊂ P one
has A+ = P .
Proof. First we prove the equivalence for the first three conditions. The proof of (1) ⇔ (2) can
be found in [39] Proposition 17.1. The direction (1)⇒ (3) is due to [5] The´ore`me 9.1.5, §8.4 and
The´ore`me 9.3.2. Thus it suffices to show (3)⇒ (1). So suppose that (3) holds and suppose (proof
by contradiction) that supp is not injective. Then there are α, β ∈ SperA such that α 6= β and
that supp(α) = supp(β). This implies that there is an x ∈ α\β. Set p := supp(α) = supp(β). Now
since Amod p is totally ordered by A+mod p, either xmod p ∈ A+mod p or xmod p ∈ −A+mod p.
If x ∈ A+mod p, then there exists a y ∈ p = supp(β) such that x + y ∈ A+ ⊂ β which implies
that x ∈ β and this is a contradiction. Thus we realize that x ∈ −A+mod p, which implies that
there is a y ∈ p = supp(α) such that x + y ∈ −A+ ⊂ −α. This implies that x ∈ −α. We also
know that x ∈ α, so
x ∈ supp(α) = supp(β) ⊂ β
which is also a contradiction. Thus we conclude that supp must indeed be an injection.
Now for the last condition, we assume that A is Baer. We know by [39] Proposition 1.11 that
(1) ⇒ (4). Suppose that (4) holds for A. We know by [38] Lemma 5 that A has a real closure ∗,
so by Corollary 78 A must have an f -ring partial ordering, and this partial ordering contains A+.
But we also know A+ is a maximal partial ordering. We can only therefore conclude that A with
partial ordering A+ is an f -ring.
Now we give a few facts about the topological spaces defined previously (with proofs or sketches
of proofs).
Remark 87. Let A be a real, Baer, von Neumann regular ring then . . .
1. {0, 1}A with the topologies T˜ con, T˜ ∈ and T˜ 6∈ are spectral (see [25] Definition 4, p.114). This
is due to the fact that any topology other than the nondiscrete topology of {0, 1} is spectral
and, by [18] Theorem 7, p.55, the products of these spaces are therefore also spectral.
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2. One subbasis for T˜ ∈ is {D˜∈(a) : a ∈ A}, which forms the basis that involve exactly the open
and compact sets of (P˜, T˜ ∈). One subbasis for T˜ 6∈ is {D˜ 6∈(a) : a ∈ A} and this also form
the basis that involve exactly the open and compact sets of (P˜, T˜ 6∈). One can easily show
that T˜ con is the constructible topology (see [25] Definition 5b, p.117) of {0, 1}A.
3. (Pˆ, Tˆ con) is a closed subspace of ({0, 1}A, T˜ con) † and therefore Pˆ endowed with topologies
Tˆ con, Tˆ ∈ and Tˆ 6∈ are compact (because Tˆ con is the finest of the three topologies). So Pˆ
is a proconstructible subspace in ({0, 1}A, T˜ con),({0, 1}A, T˜ ∈) and ({0, 1}A, T˜ 6∈) (see [25]
Defintion 6, p.118). One then concludes, by [25] Satz 5a p.118, that Pˆ with topologies
Tˆ con, Tˆ ∈ and Tˆ 6∈ are spectral spaces.
4. P is exactly the set of f -ring partial orderings of A with partial ordering A+ (see Lemma
86 4.)
5. (Pˆ, Tˆ 6∈) is Hausdorff or totally disconnected iff (A,A+) is an f -ring. This is because A+ is
an element of any nonempty open set of (Pˆ, Tˆ 6∈)
(Pˆ, Tˆ ∈) is Hausdorff or totally disconnected iff (A,A+) is an f -ring. This is because the
only open set of (Pˆ, Tˆ ∈) containing A+ is the whole space.
6. In (Pˆ, Tˆ 6∈) one has
P ⊂ Q⇔ Q ∈ {P} (P,Q ∈ Pˆ)
In particular {P} = {P} ⇔ P ∈ P
In (Pˆ, Tˆ ∈) one has
P ⊂ Q⇔ P ∈ {Q} (P,Q ∈ Pˆ)
In particular {P} = {P} ⇔ P = A+
7. (P, T con) and (P, T ∈) is Hausdorff and zero-dimensional but not necessarily compact (there-
fore not necessarily spectral), see Example 88.
8. (P, T 6∈) is compact but not always Hausdorff (therefore not necessarily spectral), see Exam-
ple 89.
Example 88. Let A be the ring (with canonical multiplication and subtraction) of functions from
N to Q(
√
2), furthermore set A+ :=
∑
A2. Any other partial ordering of A will obviously contain
A+. We now claim that if P is a partial ordering of A such that (A,P ) is an f -ring, then P can
be expressed as
P :=
∏
n∈N
Pn Pn ∈ {P√2, P−√2} for n ∈ N
where P√2 is the total ordering of Q(
√
2) with
√
2 ∈ P√2 and P−√2 is the total ordering of Q(
√
2)
with −√2 ∈ P−√2.
Set pin : A→ Q(
√
2) to be the canonical projection of the n-th coordinate of A. For a partial
ordering P of A by which (A,P ) is an f -ring, one has, by Lemma 86, that pin(P ) is a total ordering
of the factor field pin(A) ∼= Q(
√
2). Thus, indeed P ⊂∏n∈N Pn for some chosen Pn ∈ {P√2, P−√2}
for every n ∈ N. But one can easily check that ∏n∈N Pn is also a partial ordering and, by [39]
Proposition 1.11, that P =
∏
n∈N Pn. One can also check that if Q is a partial ordering of A such
that it can be written as
Q :=
∏
n∈N
Qn Qn ∈ {P√2, P−√2} for n ∈ N
†The proof of this is almost exactly the same as the proof that the real spectrum of a poring is compact. See
the proof of [25] Theorem 1 p.114 or the proof of [27] Proposition 4.2
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then (A,Q) is an f -ring. ‡
P is the set of maximal partial orderings of A which by Lemma 86(4) is equal to the f -ring
partial orderings of A (because one easily sees that A is Baer, it is homeomorphic to product of
fields). Now let P ∈ P and define f ∈ A by
f(n) =
{ √
2 if
√
2 ∈ pin(P )
−√2 if −√2 ∈ pin(P )
Then, given all the above observations, D∈(f) = {P} and so P with topology T ∈ is discrete and
infinite, which means that it cannot be compact. Now since in general T con is finer than T ∈, one
has in this case T ∈ = T con. Thus, we have shown an example of a regular ring by which P is not
compact for topologies T con and T ∈.
Example 89. Let X be an extremally disconnected Stone space without an isolated point (for
instance take the absolute, see Construction 71, of the Cantor Space). Let
A := {f : X → Q(
√
2) : ∀r ∈ Q(
√
2) f−1(r) is open }
We can always consider A with canonical multiplication and addition as a subring of B :=
∏
X Kx
where for all x ∈ X we define Kx := Q(
√
2).
Throughout this example let . . .
• For x ∈ X, pix : B → Q(
√
2) be the canonical projection from B to Kx.
• T√2 is the total ordering for Q(
√
2) with
√
2 ∈ T√2 and
T−√2 is the total ordering for Q(
√
2) with −√2 ∈ T−√2
• f1, . . . , fn ∈ A be such that
i. D 6∈(fi) 6= ∅,P for all i = 1, . . . , n
ii. D 6∈(fi) 6⊂ D 6∈(fj) if i 6= j (i, j ∈ {1, . . . , n})
We make several claims
Claim 1: If P ∈ P then P satisfies the equation P =
∏
x∈X
pix(P ) ∩A and one has
pix(P ) ∈ {T√2, T−√2} ∀x ∈ X
Proof. Let P ∈ P then because we know that A has prime spectrum homeomorphic to X (see
Example 56) † we therefore know that A is Baer. By Lemma 86(4) P is also the set of f -ring
partial orderings of A. The field pix(A) is no other than Kx = Q(
√
2) by Claim 5. of Example 56.
This explain the fact (see Lemma 86(3)) that
pix(P ) ∈ {T√2, T−√2}
One clearly sees that
∏
x∈X pix(P ) is a partial ordering of B. So
∏
x∈X pix(P ) ∩ A is a partial
ordering of A containing P , from [39] Proposition 1.11 this can only be true if
P =
∏
x∈X
pix(P ) ∩A
.
‡supremum (infimum) for two elements of A with partial ordering Q is easily calculated by taking the element
whose projection for each coordinate is the maximum (minimum) with respect to the total ordering induced by Q
†here we used the fact that X is a Stone space
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Knowing the structure of all P ∈ P, it is an easy exercise to check that f1, . . . , fn can be found
satisfying the conditions in our example (for any n ∈ N).
Claim 2: For all i = 1, . . . , n one has an xi ∈ X such that
fi(xi) ∈ (T√2\T−√2) ∪ (T−√2\T√2)
Proof. Choose an i = 1, . . . , n and now let P ∈ D∈(fi) (this can be done because D 6∈(fi) is not
the whole P) then fi ∈ P and by Claim 2 we know that
pix(P ) ∈ {T√2, T−√2} x ∈ X
Thus we get
f(X) ⊂ T√2 ∪ T−√2 (i)
Now since D 6∈(fi) 6= ∅ one finds a Q ∈ D 6∈(fi). We assert that there is an xi ∈ X such that
fi(xi) 6∈ pixi(Q). By Claim 1
Q =
∏
X
pix(Q) ∩A
If for all x ∈ X one has fi(x) ∈ pix(Q), then fi ∈
∏
X pix(Q) ∩ A = Q and this is a contradiction.
Thus the assertion holds.
So using equation (i) and the fact that fi(xi) 6∈ pixi(Q), one can conclude that indeed
fi(xi) ∈ (T√2\T−√2) ∪ (T−√2\T√2)
We can therefore find an xi satisfying our claim for each of the i’s. We fix these xi’s throughout
this Example.
Claim 3: Let y1, . . . , ym ∈ {
√
2,−√2} and C1, . . . , Cm be mutually disjoint clopen subsets of X
such that
m
·⋃
i=1
Ci = X
Set Px := Tyi for all x ∈ Ci, i = 1, . . . ,m. Then we claim that∏
x∈X
Px ∩A ∈ P
and that
pix(
∏
x∈X
Px ∩A) = Px
Proof. Define P :=
∏
x∈X Px ∩ A, it is clear that P is a partial ordering of A. We show that P
is indeed a maximal partial ordering of A. Suppose that there is a maximal partial ordering Q of
A such that Q ⊃ P . Suppose also that there is a y ∈ X with Py 6= piy(Q). Then we can find an
r ∈ Py\piy(Q) (note that both Py and piy(Q) are total orderings of Q(
√
2)). Let, without loss of
generality, y ∈ C1 and define f ∈ A by
f(x) :=
{
r x ∈ C1
0 otherwise
This is not possible, since then f ∈ P and yet f 6∈ Q (because f(y) = r ∈ Py 6= piy(Q)). By the
way we prove the claim we see that not only P = Q but also pix(Q) = Px for all x ∈ X.
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Claim 4: For i = 1, . . . , n define
ri :=
{ √
2 fi(xi) ∈ T√2\T−√2
−√2 fi(xi) ∈ T−√2\T√2
We claim that there exists mutually disjoint nonempty clopens sets C1, . . . , Cn ⊂ X and a P ∈
D 6∈(f1, . . . , fn) such that for all i ∈ {1, . . . , n} one has
(i) Ci ⊂ f−1i (fi(xi))
(ii) pix(P ) = T−ri ∀x ∈ Ci
Proof. We accomplish the proof by induction. If n = 1 then set C1 := f−11 (f1(x1)) and define
P :=
∏
x∈X Px ∩A by
Px :=
{
T−r1 if x ∈ C1
T√2 otherwise
By Claim 3, P ∈ P and Px = pix(P ) for all x ∈ X. Thus f1 6∈ P .
Let n = 2, if
f−11 (f1(x1)) ∩ f−12 (f2(x2)) 6= ∅
then choose a nonempty clopen strict subset of it
C1 ( f−11 (f1(x1)) ∩ f−12 (f2(x2))
Note that this can be done because we assumed in the very beginning that X has no isolated point
(and being Boolean/Stone makes this possible). However, if
f−11 (f1(x1)) ∩ f−12 (f2(x2)) = ∅
then just define C1 := f−11 (f1(x1)).
Now set C ′2 := X\C1. And define P :=
∏
x∈X Px ∩A by
Px :=
{
T−r1 if x ∈ C1
T−r2 if x ∈ C ′2
By Claim 3, P ∈ P and Px = pix(P ). Choose now C2 to be a clopen subset of f−12 (f2(x2)) ∩ C ′2
(which is nonempty by the choice of C1). One can easily check that f1, f2 6∈ P and that the
conditions of Claim 4 is satisfied for n = 2.
Suppose now that our Claim 4 holds for some n − 1 ∈ N and we show it holds for n. Let
C ′1, . . . , C
′
n−1 be mutually disjoint clopen subsets of X such that for all i = 1, . . . , n− 1 one has a
Q ∈ D 6∈(f1, . . . , fn−1) such that
• C ′i ⊂ f−1i (fi(xi))
• pix(Q) = T−ri ∀x ∈ C ′i
If f−1n (fn(xn)) ∩ C ′j 6= ∅ for some j ∈ {1, . . . , n− 1} then choose a nonempty clopen set
Cj ( f−1n (fn(xn)) ∩ C ′j and define Ci := C ′i ∀i ∈ {1, . . . , n− 1}\{j}
else set
Ci := C ′i ∀i = 1, . . . , n− 1
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Finally, define C ′n := X\ ·
⋃n−1
i=1 Ci and Cn := C
′
n ∩ f−1n (fn(xn)) (which is nonempty by our
construction). Also define P :=
∏
x∈X Px ∩A with
Px :=

T−r1 if x ∈ C1
...
...
T−rn−1 if x ∈ Cn−1
T−rn if x ∈ C ′n
By Claim 3 we know that P ∈ P and pix(P ) = Px for all x ∈ X. One furthermore checks that
P ∈ D 6∈(f1, . . . , fn) satisfying the conditions of our claim (for the defined C1, . . . , Cn).
From this example we see that (P, T 6∈) is irreducible (because any two nonempty basic open
sets, which are always of the form D 6∈(f1, . . . , fn), in the example had nonempty intersection).
Thus P with topology T 6∈ in the above example cannot be Haussdorf. By Remark 87 6., we realize
that all points in the topological space (P, T 6∈) are closed points and if (P, T 6∈) were spectral it
has to be Boolean/Stone (because it represents the prime spectrum of a ring that has all its prime
ideals as maximal ideals) and we know that such spaces must be Hausdorff. Yet we see, by the
above Example, that this is not necessarily the case.
¥
Example 90. (Example of a von Neumann regular ring with no f -ring ordering) Let X = N and
having the discrete topology. Define X∗ = X
.∪ {∞} to be the Alexandroff one-point compacti-
fication of X. It is known that X∗ is a Stone space which is not extremally disconnected. Now
define a family of fields indexed by X∗ in the following way:
Kx :=

R0 if x ∈ 2N
R1 if x ∈ 2N+ 1
Q(
√
2) if x =∞
Where R0 is the field of real algebraic numbers (i.e. the real closed field algebraic over Q(
√
2)
with
√
2 ∈ R+0 ) and R1 is the real closed field algebraic over Q(
√
2) with −√2 ∈ R+1 .
Consider now the ring T :=
∏
x∈X Kx (with componentwise multiplication and addition), and
define I :=
⊕
x∈X Kx. Regard now K∞ as a subring of T (by the monomorphism K∞ ↪→ T
mapping each r ∈ K∞ to (rx)x∈X with rx := r for all x ∈ X) and consider the subring of T
defined by
A := K∞ + I
We claim that A, with partial ordering A+ =
∑
A2, is a von Neumann regular ring and
that its support map is irreducible. One easily shows that there is a canonical homeomorphism
X∗ ∼−→ SpecA defined by
x 7→ px x ∈ X, px := exA
∞ 7→ p∞ p∞ := I
where ex ∈ T (in fact ex ∈ A) is defined by
ex(y) :=
{
1 y 6= x
0 y = x
SpecA being a Stone space implies in our case that A is a von Neumann regular ring.
Now let us examine the real spectrum of A. Every prime cone of A can be associated (bi-
jectively) to a pair consisting of a prime ideal (the image of the prime cone under supp) and a
real closed field (one algebraic over the factor field of A with respect to this prime ideal. See [2]
Chapter II, Prop. 1.3 or see Theorem 8). We observe that for i ∈ N there is only one prime cone,
namely that associated to (pi, Rimod 2), whose image under supp is pi. We define this prime cone
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as αi (see the illustration below). We need now concern ourselves with prime cones whose image
under supp is p∞. The pre-image supp−1(p∞) involves p∞ and the real closed fields algebraic over
Amod p∞ = K∞ = Q(
√
2), there are two such fields (upto Q(
√
2) poring-isomorphisms) namely
R0 and R1. Thus
supp−1(p∞) = {β, γ}
where β is the prime cone of A associated to (p∞, R0) and γ is the prime cone of A associated to
(p∞, R1) (and supp(β) = supp(γ) = p∞).
α1 α2 β γ
SperA • • . . . • •
SpecA • • . . . •
p1 p2 p∞
.............................
...
.............................
...
...............................
.
.............................
...
Now we can prove the claim that supp is irreducible. It suffices to show that neither β nor γ is an
isolated point of SperA. Suppose β is an isolated point of SperA then there are a1, . . . , an ∈ A\{0}
such that
P (a1, . . . , an) = {β}
we write for i = 1, . . . , n
ai = ai∞ + (aij)j∈N ai∞ ∈ K∞, aij ∈ Kj and is 0 for all but finitely many j
Now since ai ∈ β\supp(β) = β\p∞, we get ai 6= 0mod p∞ and ai∞ ∈ R+0 \{0} for all i ∈
{1, . . . , n}. Because all but finitely many of the aij are zero, we may find a k ∈ 2N such that
aik = 0 for all i = 1, . . . , n. Then
aimod pk ≡ ai∞ ∈ R+0 \{0} i = 1, . . . , n
in other words (since k ∈ 2N) we conclude that ai ∈ αk\pk for all i ∈ {1, . . . , n}. Thus αk ∈
P (a1, . . . , an) and this is a contradiction to our assumption that P (a1, . . . , an) = {β}.
In a similar manner one shows that γ is not an isolated point of SperA (we need just choose
k in 2N+ 1 instead of 2N).
So we know now that suppA is irreducible. Now if A really had an f -ring partial ordering,
say P ∈ P, then the poring (B,B+) defined by B := A and B+ := P ⊃ A+ is an f -ring with
SperB being a closed subspace of SperA. A itself is not an f -ring, because here suppA is not
even injective (see Lemma 86), so SperB is strictly contained in SperA. But this cannot be true
because then suppB(SperB) = suppA(SperB) = SpecA and this contradicts that fact that suppA
is an irreducible surjection.
Definition. Let f : X ³ Y be a continuous surjection between two topological spaces X and Y .
We say that f is quasi-irreducible if for every closed C ( X one has f(C) ( Y .
Note that the only difference between quasi-irreducible and irreducible is that irreducible ad-
ditionally requires the map to be closed.
Proposition 91. Let f : X ³ Y be a continuous surjection between a compact space X and
a topological space Y , then there exist a closed subspace Z ⊂ X such that f |Z : Z → Y is a
quasi-irreducible surjection. If Y were Hausdorff then f |Z would also be an irreducible surjection.
Proof. The second statement obviously follows from the first. So we need only show that f is
quasi-irreducible. We prove this by Zorn’s Lemma. Let I be a totally ordered set with {Xi}i∈I a
family of closed sets satisfying Xi ⊂ X and such that f(Xi) = Y for all i ∈ I and for k, j ∈ I with
k < j one has Xj ( Xk.
Set C :=
⋂
I Xi, then C is obviously closed. We claim that C is nonempty and in fact f(C) = Y .
Let y ∈ Y , then for any i ∈ I there exists an xi ∈ Xi such that f(xi) = y. Now {xi}I forms a net
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in X, and because X is compact there is a subnet {xj}J of {xi}I (i.e. with J ⊂ I and for any
i ∈ I there is a j ∈ J with j ≥ i) that has a limit, say x, in X (See [23] Chapter 10, Theorem
2.9). Note that by the continuity of f , one has f(x) = y (check [23] Chapter 10, Theorem 2.5).
We claim that x is in Xi for any i ∈ I. Let i ∈ I and U be an arbitrary neighbourhood of x in X.
Because {xj}J converges to an x ∈ X, there is a j ∈ J such that j ≥ i and that for all k ≥ j one
has xk ∈ U , so xk ∈ Xi (because k ≥ i so Xk ⊂ Xi) and this implies that U ∩ Xi is nonempty.
So any arbitrary neighbourhood of x has a nonempty intersection with Xi, implying that x is a
closure point Xi. But Xi is closed so x must be in Xi for any i ∈ I. We have shown therefore
that for any y ∈ Y there is an x ∈ C such that f(x) = y. And so f(C) = Y and by Zorn’s Lemma
our proof is complete.
Theorem 92. Let B, with partial ordering B+, be a Baer real von Neumann regular ring, then
there is a natural bijection between any two of the following sets:
1. {C : C is a real closure ∗ of B}/ ∼
where for any two real closure ∗ of B, C1 and C2, one defines C1 ∼ C2 iff there is a B-
poring-isomorphism φ : C1 → C2.
2. {s : SpecB → SperB : s is a continuous section of supp}
3. {X ⊂ SperB : X is closed and supp|X : X → SpecA is an irreducible surjection }
4. {P ⊂ B : P ⊃ B+ and P is an f -ring partial ordering of B}
Proof. Because of Theorem 66 and Proposition 77 we need only prove a bijection between the set
S := {s : SpecB → SperB : s is a continuous section of supp}
and the set
T := {X ⊂ SperB : X is closed and supp|X : X → SpecB is an irreducible surjection}
Note that if X ∈ T then X is a Stone space and supp|X is a homeomorphism (we use the fact
B is Baer and so SpecB is an extremally disconnected Stone space, then we implement Lemma
81) and so we may define a function
Φ : T → S Φ(X)(p) := (supp|X)−1(p) X ∈ T , p ∈ SpecA
The claim is that Φ is well-defined and bijective. Observe that for X ∈ T , Φ(X) is in-
deed a continuous section of supp. Let X,Y ∈ T such that Φ(X) = Φ(Y ) then one has
(supp|X)−1 = (supp|Y )−1 implying that X = Y and so Φ is injective. Let s ∈ S and choose
X = s(SpecB) (which is a closed subspace of SperA), then supp|X : X → SpecB is bijective
(because supp ◦ s : SpecB → SpecB is the identity map) and continuous making it a homeomor-
phism (continuous bijection between Stone spaces are homeomorphisms). supp|X is obviously an
irreducible surjection making X ∈ T and Φ(X) = s. Thus, Φ is also surjective.
Theorem 93. Let A, with partial ordering A+, be a von Neumman regular ring (not necessarily
Baer) then there is a natural bijection between the set
S := {X ⊂ SperA : X is closed and suppA|X is an irreducible surjection}
and the set
S˜ := {X˜ ⊂ SperB : X˜ is closed and suppB |X˜ is an irreducible surjection}
where B := B(A) is the Baer Hull of A.
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Proof. We know by Theorem 70 that
SperB ∼= SpecB ×SpecA SperA
we shall make the above identification of the two topological spaces throughout the proof.
We have the following commutative diagram of Stone spaces
SperA×SpecA SpecB SpecB
SperA SpecA
.................................................................................
.
suppB
....................................................
...
pip
....................................................
...
pir
............................................................................................................................
.
suppA
with pir and pip being canonical maps.
Now we construct a function
Φ : S˜ −→ S Φ(X˜) := pir(X˜) ∀X˜ ∈ S˜
We first need to show that the above is well-defined. So let X˜ ∈ S˜, we claim that pir(X˜) is in S.
Define X := pir(X˜), clearly then suppA(X) = SpecA, so the claim is that suppA|X is an
irreducible surjection. Because X is a closed subspace of SperA (and so Stone), we need only
check for quasi-irreducibility. Suppose by contradiction that there exists a closed Y ( X such
that suppA(Y ) = SpecA. Now one has
X˜ ∩ pi−1r (Y ) ( X˜ ∩ pi−1r (X) = X˜
Now X˜ ∩ pi−1r (Y ) is also closed and one has
SpecA = suppA(Y ) = suppA ◦ pir(X˜ ∩ pi−1r (Y )) = pip ◦ suppB(X˜ ∩ pi−1r (Y ))
now pip ◦ suppB |X˜ is an irreducible surjection † and so one must necessarily have
X˜ ∩ pi−1r (Y ) = X˜
which leads to a contradiction. We can thus conclude that pir(X˜) is indeed in S.
We just proved that Φ is a well-defined map. To show that Φ is surjective, consider X ∈ S.
Now let X ′ := pi−1r (X), this is closed in SperB and thus also a Stone space. Because pip is an
irreducible surjection, suppB |X ′ is a surjection. By Proposition 91 there is a closed subspace
X˜ ⊂ X ′ such that suppB |X˜ is an irreducible surjection. Thus X˜ ∈ S˜ and one has pir(X˜) = X (we
make use of the above commutative diagram , knowing that pir(X˜) ⊂ X is closed and X ∈ S),
thus Φ(X˜) = X.
Now we prove that Φ is also injective. Let X˜, Y˜ ∈ S˜ such that
Φ(X˜) = Φ(Y˜ )
Because X˜, Y˜ ∈ S˜ one has by Lemma 81 that X˜ and Y˜ are extremally disconnected. So by
Lemma 80 there is a unique homeomorphism φ1 : X˜ → Y˜ such that the diagram below commute
X˜ Y˜
SpecB
SpecA
...............................................................................
.
φ1
...........................................................
.
....
suppB
............................................................. ..
.
suppB
.......................................
...
pip
†recall pip is an irreducible surjection since B is the Baer hull of A
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Set X := Φ(X˜), then because pip ◦ suppB |X˜ and pip ◦ suppB |Y˜ are irreducible surjections one
then knows that the restrictions (on domain and codomain) of pir
X˜ → X, Y˜ → X
are irreducible surjections and now since X˜, Y˜ ∈ S˜ we know that they are both extremally dis-
connected and so by Lemma 80 one finds a unique homeomorphism φ2 : X˜ → Y˜ such that
X˜ Y˜
X ⊂ SperA
SpecA
...............................................................................
.
φ2
...........................................................
.
....
............................................................. ..
.
....................................................
...
suppA|X
commutes. Now the maps
X˜ → X → SpecA Y˜ → X → SpecA
from the above commutative diagram are respectively the same as the maps
pip ◦ suppB |X˜ : X˜ → SpecB → SpecA pip ◦ suppB |Y˜ : Y˜ → SpecB → SpecA
The two commutative diagrams above and Lemma 80 imply that φ1 and φ2 are the same maps
(we apply the Stone spaces X˜, Y˜ and SpecA in the Lemma and consider the result on uniqueness).
We now claim that X˜ = Y˜ and that φ1 is actually the identity map. We may consider elements
of SperB ∼= SperA×SpecA SpecB as pairs consisting of an element in SperA and one in SpecA.
So let (α, p˜) ∈ X˜, with α ∈ SperA and p˜ ∈ SpecB. Let
φ1(α, p˜) =: (β, q˜) β ∈ SperA, q˜ ∈ SpecB
then by the first commutative diagram above p˜ = q˜ and by the second commutative diagram above
α = β. With this, one can conclude that X˜ = Y˜ and φ1 is actually the identity map.
Corollary 94. Let A, with partial ordering A+, be a real von Neumann regular ring (not nec-
essarily Baer). There exists a natural bijections between the set of real closure ∗ of A identified
upto A-poring-isomorphism and the set
S := {X ⊂ SperA : X is closed and suppA|X is an irreducible surjection}
Proof. Apply Corollary 84, Theorem 92 and Theorem 93.
We summarize the most important result in this Section as
Theorem 95. Let A, with partial ordering A+, be a real, regular ring then there exists a canonical
bijection between any two of the following sets
1. {C : C is a real closure ∗ of A}/ ∼
where for any two real closure ∗ of A, C1 and C2, one defines C1 ∼ C2 iff there is an
A-poring-isomorphism between C1 and C2
2. {X ⊂ SperA : X is closed and suppA|X : X → SpecA is an irreducible surjection}
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3. {C : C is a real closure ∗ of B(A)}/ ∼
where for any two real closure ∗ of B(A), C1 and C2, one defines C1 ∼ C2 iff there is a
B(A)-poring-isomorphism between C1 and C2
4. {s : SpecB(A)→ SperB(A) : s is a continuous section of suppB(A)}
5. {X ⊂ SperB(A) : X is closed and suppB(A)|X : X → SpecB(A) is an irreducible
surjection}
6. {P ⊂ B(A) : P ⊃ B(A)+ and P is an f -ring partial ordering of B(A)}
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5 Real closed ∗ reduced partially ordered rings
In this Section we attempt to generalize our result in Section 3 and Section 4 for real rings (not just
von Neumann regular real rings). In other words we attempt to characterize and construct real
closure ∗ of real commutative unitary rings. We also make some significant discoveries regarding
maximal partial orderings of rings. The first Theorem gives us a bijection between the sets of
maximal partial orderings of two rings for which one is a rational extension of the other.
We characterize conditions when a Baer reduced ring is integrally closed in its total quotient.
We prove that Baer hulls of rings have exactly one automorphism (the identity) and we even prove
this for a general case (Lemma 107). Proposition 110 allows us to study essential extensions of
rings and their relation with minimal prime spectrum of the lower ring. And Theorem 112 gives
us a construction of the real spectrum of a ring generated by adjoining idempotents to a real
commutative subring (for instance the construction of Baer hull of real commutative rings).
From our results we prove that there is a bijection between the real closure ∗ of real rings (upto
isomorphisms) and their maximal partial orderings. We then develop some topological theories
that will help us in the next Section where topological characterizations will be revealed.
Notation. If A is a commutative unitary ring, then we write T (A) to mean the total quotient ring
of A. And if A is partially ordered, with a partial ordering A+, then we automatically assume the
weakest partial ordering of T (A) that extends A+. In other words, we always set
T (A)+ := {
n∑
i=1
ait
2
i : n ∈ N, ai ∈ A+, ti ∈ T (A), i = 1, . . . , n}
Theorem 96. Let A be a subring of a reduced commutative ring B, suppose also that B is a
rational extension of A.
(i) Suppose that B has a maximal partial ordering B+, then the partial ordering B+ ∩A is also a
maximal partial ordering of A.
(ii) There is a bijection Φ : PB ½→ PA, where PB is the set of all maximal partial orderings of B
and PA is the set of all maximal partial orderings of A. If we have a fixed partial ordering of A,
say A+, and if B+ is the weakest partial ordering of B extending A+ i.e.
B+ := {
n∑
i=0
aib
2
i : ai ∈ A+, bi ∈ B}
then we can similarly prove that there is a bijection between the set of maximal partial orderings
of B containing B+ and the set of maximal partial ordering of A containing A+.
Proof.
(i) Set A+ := B+ ∩A, if A+ were not a maximal partial ordering of A then there exists an element
a ∈ A\A+ that extends A+ to another partial ordering of A, this is equivalent to (one can easily
prove this or find this in [6] Proposition 1.5.1)
a1a+ a2 = 0 ⇔ aa1, a2 = 0 ∀a1, a2 ∈ A+ (*)
Now a 6∈ B+ and because B+ is a maximal partial ordering of B, a cannot extend B+ as a
partial ordering of B i.e
∃b1, b2 ∈ B+\{0} − ab1 + b2 = 0
By Theorem 16 (i) and the definition of A+, there exists an a2 ∈ A2\{0} such that a2b2 ∈
A+\{0}. Then we have the following cases
Case 1: a2ab1 = 0. Then
a2(ab1 + b2) = a2b2 6= 0
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but ab1 + b2 = 0, here we have a contradiction!
Case 2: a2ab1 6= 0. Then there is an a1 ∈ A2 such that
a1a2ab1, a1a2b1 ∈ A\{0}
this also shows (by the definition of A+) that a1a2b1 ∈ A+\{0}. We thus have the following
a1a2(ab1 + b2) = (a1a2b1)a+ (a1a2b2) = 0
but a1a2b1, a1a2b2 ∈ A+\{0} and by (∗) a1a2ab1 = 0 which is a contradiction.
(ii) For P˜ ∈ PB define Φ(P˜ ) := P˜ ∩ A. By (i) Φ(P˜ ) ∈ PA, and so we need only show that Φ is
both surjective and injective. We prove by contradiction, assume there are P˜1, P˜2 ∈ PB such that
Φ(P˜1) = Φ(P˜2) =: P ∈ PA for some P ∈ PA
If P˜1 6= P˜2 then there exists a b ∈ P˜2\P˜1. Because P˜1 is a maximal partial ordering of B, we
have (see for instance [6] Proposition 1.5.1) some b1, b2 ∈ P˜1\{0} such that bb1 + b2 = 0. Without
loss of generality we assume also that b1 ∈ B2 ⊂ P˜1, P˜2, since we can always write b21b+ b2b1 = 0
knowing that (our rings are reduced) b21, b2b1 ∈ P˜1\{0}. So there is an a2 ∈ A2 ⊂ P such that
a2b2 ∈ P\{0} (by the definition of P ). We have the following cases
Case 1: a2b1b = 0. Then
a2(b1b+ b2) = a2b2 = 0
a contradiction.
Case 2: a2b1b 6= 0. Then, there is an a1 ∈ A2 ⊂ P such that a1a2b1b ∈ P\{0} (recall b1 ∈
B2 ⊂ P˜2, so b1b ∈ P2). But we also have
a1a2(b1b+ b2) = a1a2b1b︸ ︷︷ ︸
∈P\{0}
+ a1a2b2︸ ︷︷ ︸
∈P\{0}
= 0
This is a contradiction, as P is a partial ordering of A (see for instance [6] Proposition 1.2.1(b)).
Thus we have shown that Φ is injective. Now to show that Φ is surjective, consider any P ∈ PA.
Consider P˜ to be a partial ordering of B that is maximal and contains the partial ordering of B
defined by
{
n∑
i=1
b2i ai : ai ∈ P, bi ∈ B, i = 1, . . . , n}
(for the case A has a given partial ordering A+ and P contains this A+. We see that P˜ contains
the weakest partial ordering of B extending A+). We observe then that
Φ(P˜ ) = P˜ ∩A ⊃ P
but P being a maximal partial ordering of A implies then that Φ(P˜ ) = P and so we have shown
that Φ is surjective.
The Theorem above just enhanced Theorem 95 and so we restate the Theorem and add item
7. below
Theorem 97. Let A be a real, regular ring then there exists a bijection between the following
sets
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1. {C : C is a real closure ∗ of A}/ ∼
where for any two real closure ∗ of A, C1 and C2, one defines C1 ∼ C2 iff there is an
A-poring-isomorphism between C1 and C2
2. {X ⊂ SperA : X is closed and suppA|X : X → SpecA is an irreducible surjection}
3. {P ⊂ A : P ⊃ A+ and P is a maximal partial ordering of A}
4. {C : C is a real closure ∗ of B(A)}/ ∼
where for any two real closure ∗ of B(A), C1 and C2, one defines C1 ∼ C2 iff there is a
B(A)-poring-isomorphism between C1 and C2
5. {s : SpecB(A)→ SperB(A) : s is a continuous section of suppB(A)}
6. {X ⊂ SperB(A) : X is closed and suppB(A)|X : X → SpecB(A) is an irreducible
surjection}
7. {P ⊂ B(A) : P ⊃ B(A)+ and P is an f -ring partial ordering of B(A)}
We make the following Lemma, whose proof is quite straightforward, therefore it is omitted.
Lemma 98. Let A be an f -ring then for any x, y ∈ A the following identity holds
y + (x− y)+ = x+ (y − x)+ = x ∨ y
y − (x− y)− = x− (y − x)− = x ∧ y
Theorem 99. (i) Let A be a reduced ring and integrally closed in a real closed von Neumann
regular ring B. Let f ∈ A[T ] and g ∈ B[T ] be monic polynomials of odd degree (i.e.
deg(f),deg(g) ∈ 2N+ 1). Then f has a zero in A and g has a zero in B.
(ii) Assume the rings A and B as above. Then A has the property that Quot(A/(p ∩ A)) is
algebraically closed in B/p for all p ∈ SpecB (i.e. Quot(A/(p ∩A)) is a real closed field).
(iii) Let A be a reduced commutative unitary ring and T (A) be von Neumann regular, then
Quot(A/(p ∩A)) = T (A)/p ∀p ∈ SpecT (A)
Now, suppose that this A with another ring B is as in (ii). Furthermore assume that T (A)
is an intermediate ring of A and B. Then T (A) is in fact a real closed ring (not necessarily
real closed ∗).
Proof. (i) First we show that g has a zero in B. Let p ∈ SpecB then we know by the very
definition of real closed rings that B/p is a real closed field. Thus the canonical image of g in
B/p[T ], denote by ĝ, has a zero in B/p (note that g is monic and thus ĝ will have the same degree
as g) say b̂p, where b̂p is the canonical image of some bp ∈ B in B/p. We can do this for any prime
ideal p ∈ SpecB. Now set
Vp := {q ∈ SpecB : f(bp) ∈ q}
Because B is von Neumann regular, Vp is a clopen set in SpecB. Furthermore we know that
p ∈ Vp. Thus
SpecB =
⋃
p∈SpecB
Vp
Because SpecB is compact, there are V1, . . . , Vn ⊂ SpecB each of the form Vp that are clopen and
together they cover SpecB. In other words, for each i ∈ {1, . . . , n} we can find bi ∈ B such that
Vi = {p ∈ SpecB : f(bi) ∈ p}
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and we have
SpecB =
n⋃
i=1
Vi
We look at the global section ring of the structure sheaf of SpecB and we define mutually
disjoint clopen sets U1, . . . , Un by
U1 := V1, . . . , Ui := Vi\Ui−1 for i = 2, . . . , n
Now define b in the global section ring (which is actually isomorphic to B) by
b(p) := bi(p) if p ∈ Ui
Then we observe that for any p ∈ SpecB one has g(b) ∈ p, and because B is reduced we conclude
that g(b) = 0. Thus g has a zero in B.
Now because f is monic and of odd degree, it has a zero in B and because A is integrally closed
in B, this zero must actually be in A.
(ii) Let p be in SperB. Set K := Quot(A/(p ∩ A)) and L := B/p. For each x ∈ B and f ∈ B[T ]
let x̂ and f̂ be the canonical image of x in L and the canonical image of f in L[T ] respectively.
Suppose now that f̂ is in K[T ], monic and of odd degree for some f ∈ B[T ]. We may write
f̂(T ) =
n−1∑
i=0
âi
ân
T i + Tn for some an ∈ A\p, ai ∈ A,n ∈ 2N+ 1
Define now g(T ) ∈ A[T ] by
g(T ) := Tn +
n−1∑
i=0
aia
n−i−1
n T
i
Then g is a monic polynomial of odd degree in A[T ] and by (i) we can conclude that g has a zero,
say a, in A. Thus â is a zero of ĝ.
Now we observe that
ân
n
f̂(T ) = ĝ(ânT )
and because ân has an inverse in K we learn that âân
−1 is a zero of f̂ . But âân
−1 is in K. Thus
we have shown that any monic polynomial of odd degree in K[T ] has a zero in K.
We know thatB is a real closed ring, thus its partial ordering is (see for instance [39] Proposition
12.4(c))
B+ = {b2 : b ∈ B}
Since A is integrally closed in B, we conclude that the set
A+ := B+ ∩A = {a2 : a ∈ A}
is a partial ordering of A. We show that A with this partial ordering is actually a sub-f -ring of B.
By Lemma 98, we need only show that for any a ∈ A, a+ ∈ B is in A (and thus so is a−). Because
B is a von Neumann regular ring, a+ has a quasi-inverse (a+)′. Since A is integrally closed in B,
the idempotent a+(a+)′ is in A. But then
a(a+(a+)′) = (a+ − a−)(a+(a+)′) = a+(a+(a+)′) = (a+)2(a+)′ = a+ ∈ A
We now show that K+ defined by
K+ := {(â/b̂)2 : a ∈ A, b ∈ A\p}
is a total ordering of K (and thus by [25] p.16 Satz 1, K is a real closed field). Observe that A is
a sub-f -ring of B (the partial ordering of both is their weakest partial ordering). We know that
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B is a real closed regular ring and, by Proposition 25, all of its residue fields are real closed rings
and so, by [5] Corollaire 9.2.5, p is an l-ideal of B. One can then easily see that p∩A is an l-ideal
of A. So, by [5] Corollaire 9.2.5, A/(p ∩A) is totally ordered by
A+/(p ∩A) = {â2 : a ∈ A}
One can easily check that this total ordering of A/(p ∩ A) induces a total ordering of K which is
no other than K+.
(iii) Let p be in SpecT (A). Clearly
A/(p ∩A) ↪→ T (A)/p
We required T (A) to be a regular ring, so T (A)/p must be a field and because A is a subring of
T (A) we get Quot(A/(p ∩A)) as a subring of T (A)/p.
We now show that all elements of T (A)/p are actually elements in Quot(A/(p ∩ A)). For any
q ∈ T (A) let us denote q¯ as the image of q in T (A)/p.
Let q ∈ T (A)\p, then q¯ is non-zero in T (A)/p. There is a regular element a ∈ A such that
aq ∈ A. Because a is regular it cannot be an element of p (otherwise it is in p∩A which is a minimal
ideal in A ,see [32] Theorem 3.1 and Theorem 4.4. † But all regular elements of A are not in any
minimal ideal of A). Since p is prime, we also learn that aq ∈ A\p. Thus a¯, a¯q¯ ∈ (A/(p ∩ A))∗,
and so a¯ has an inverse a¯−1 in Quot(A/(p ∩A)). Therefore, we get
a¯−1a¯q¯ = q¯ ∈ Quot(A/(p ∩A))
So T (A)/p is a subring of Quot(A/(p ∩A)). Therefore
T (A)/p = Quot(A/(p ∩A))
Now consider the last statement of (iii). Because T (A) is a subring of B and both are regular
rings, we then know that any prime ideal of T (A) is a restriction of prime ideal of B (see [37]
Lemma 1.14). Thus, by (ii), we can conclude that T (A)/p is a real closed field for any prime ideal
p ∈ T (A). By Proposition 25, T (A) must be a real closed ring.
Proposition 100. Let A be a reduced commutative unitary ring. Suppose that A has the property
that for any a ∈ A, there exists an idempotent e ∈ A such that
Ann(aA) = eA
then T (A) is von Neumann regular.
Proof. Let a ∈ A and suppose that e ∈ A be an idempotent such that Ann(aA) = eA. We claim
tha a+ e is a regular element of A. Pick a b ∈ A such that (a+ e)b = 0. Then after multiplying
by a we get a2b = 0. Since A is reduced, we know that b ∈ Ann(aA). Thus, there is a c ∈ A with
ce = b. This gives us
0 = ce(a+ e) = ce2
So ce = 0 and this leads us to conclude that ce = b = 0. So the annihilator of (a + e)A is 0. In
other words, a+ e is a regular element.
We now know that a+ e is invertible in T (A). So we clearly have
a+ e = (a+ e)2(a+ e)−1 = (a2 + e)(a+ e)−1 ⇒ a2(a+ e)−1 = a+ e− e(a+ e)−1
But
e = e((a+ e)(a+ e)−1) = (e(a+ e))(a+ e)−1 = e2(a+ e)−1 = e(a+ e)−1
† Note that SpecQ(A)→ SpecT (A) is a surjection because T (A) is a regular ring, see for instance [37] Lemma
1.14
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So
a2(a+ e)−1 = a+ e− e = a
We can therefore conclude that every element of A has a ”quasi-inverse” in T (A).
Now let ab ∈ T (A), with a ∈ A and b a regular element of A. Also set a′ to be the quasi-inverse
of a in T (A). Then (a
b
)2
ba′ =
1
b
a2a′ =
1
b
a =
a
b
Thus, any element of T (A) has also a quasi-inverse in T (A). In other words, T (A) is a von
Neumann regular ring.
If A is Baer then by the Theorem above T (A) would also be a von Neumann regular ring. The
condition for A in the above theorem is weaker than Baer.
Theorem 101. Let A be a Baer ring, then A is integrally closed in T (A) iff for any p ∈ SpecT (A)
we have A/(p ∩A) is integrally closed in T (A)/p.
Proof. For simplicity let us set B := T (A).
”⇒” Suppose by contradiction there exists an f ∈ A[T ] monic, p ∈ SpecB and b ∈ B such
that
i. f(b) ∈ p
ii. (b+ p) ∩A = ∅
Then we have the following cases . . .
Case 1: b ∈ p. Then b ≡ 0mod p and this is a contradiction to ii.
Case 2: b 6∈ p. Then f(b) ∈ p ⊂ B. Because A is Baer we know by Proposition 100 that B is von
Neumann regular. Let c ∈ B be the quasi-inverse of f(b) . Then cf(b) is an idempotent in B and
so it must be in A (because A is integrally closed in B). Now 1− cf(b) is also an idempotent. Set
e := 1− cf(b) (clearly e 6∈ p because 1− e ∈ p) and observe that ef(b) = 0. Now we can write
f(T ) = Tn +
n−1∑
i=0
aiT
i
for some n ∈ N and a0, . . . , an ∈ A. Then enf(b) = 0 and so eb is a zero of the monic polynomial
g ∈ A[T ] defined by
g(T ) = Tn +
n−1∑
i=0
aie
n−iT i
But because A is integrally closed in B, we then know that eb ∈ A.
All these implies that eb ≡ bmod p (since 1−e ∈ p) and so (b+p)∩A 6= ∅. Again a contradiction.
”⇐” Let f ∈ A[T ] be monic and f(b) = 0 for some b ∈ B. For any p ∈ SpecB, consider ap ∈ A
to be such that f(ap) ∈ p and ap ≡ bmod p. Consider the clopen sets (A is Baer and so B is
regular):
Vp := {q ∈ SpecB : ap ≡ bmod q}
Then p ∈ Vp for all p ∈ SpecB and ⋃
p∈SpecB
Vp = SpecB
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Thus there are finitely many a1, ..., an ∈ A such that
n⋃
i=1
Vi = SpecB
where
Vi = {q ∈ SpecB : ai ≡ bmod q}
Define now another family of clopen sets
U1 := V1, Ui = Vi\Ui−1i ≥ 2
We define the idempotents ei ∈ B by
eimod p =
{
1 p ∈ Ui
0 p 6∈ Ui
Clearly b =
∑n
i=1 aiei and ai, ei ∈ A for all i ∈ {1, . . . , n} (E(A) = E(T (A)) because A is
Baer, see for instance [37] ). Thus b ∈ A.
Corollary 102. A real Baer ring B is real closed ∗ iff for every minimal prime ideal p ∈ MinSpecB
one has B/p is a real closed ∗ integral domain.
Proof. ”⇒” If B is real closed ∗ then it is Baer and it is integrally closed in Q(B) and furthermore
Q(B) is real closed ∗. Thus, by Theorem 99, T (B) is also real closed ∗ (as it is also Baer and by
Theorem 99 iii a real closed regular ring. We can then use Theorem 34). Using [38] Proposition
2 and by Theorem 101 we know that B/p is a real closed ∗ ring for any minimal prime ideal p in
SpecB (this is because the restriction of prime ideals of T (B) to B are exactly the minimal prime
ideals of B. See for instance [32] Theorem 3.1 and Theorem 4.4).
”⇐” The same reasons as above shows us that B is integrally closed in T (B) and T (B) is a
real closed ∗ ring. Now Q(B) is also the complete ring of quotients of T (B) so by [10] Theorem 3,
Q(B) is also a real closed ring ∗ and in this case T (B) is obviously integrally closed in Q(B). Our
initial hypothesis and results in Theorem 101, [38] Proposition 2, [32] Theorem 3.1 and Theorem
4.4, does imply that B is integrally closed in Q(B). All these satisfy the conditions of [10] Theorem
3 for B, making us conclude that B is real closed ∗.
From the proof of the Corollary above we also immediately have the following
Lemma 103. A poring A, is real closed ∗ iff it is integrally closed in its total quotient ring and
its total quotient ring is a real closed regular ring.
Now we show one way how a real closure ∗ of a reduced ring can be found.
Corollary 104. If A, with partial ordering A+, is a real ring and B is a rationally complete real
closed ring (thus also real closed ∗, see Theorem 34) such that A is a sub-poring of it and B is an
essential extension of A. Then ic(A,B) is a real closure ∗ of A.
Proof. Denote A¯ := ic(A,B). By Storrer’s Satz one has the following commutative diagrams
A B
A¯ Q(A¯)
...........................................................................
......
.....
....
....
....
....
....
....
....
....
......
..........
...................................
...
..........
......................................................................
......
.....
where all mappings above are canonical and the mapping Q(A¯) → B is a monomorphism (of
porings) as a result of Storrer’s Satz. We therefore regard every poring in the commutative
diagram above as a sub-poring of B. Because A¯ is integrally closed in B it is integrally closed in
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Q(A¯), thus A¯ is Baer (see [31] Proposition 2.5). It remains, by [10] Theorem 3 †, to show that
Q(A¯) is actually a real closed ∗ von Neumann regular ring.
Since T (A¯) is an intermediate ring of Q(A¯) and A¯, it must also be an intermediate ring of A¯
and B¯. A¯ is integrally closed in B and so, by Theorem 99 (iii), we conclude that T (A¯) is a real
closed ring. Because A¯ is Baer we can also conclude that T (A¯) is a real closed ∗ ring (see Theorem
34). The complete ring of quotients of T (A¯) is also Q(A¯) and by [10] Theorem 3 we know then
that Q(A¯) must be a real closed ∗ ring.
Proposition 105. Let A, with partial ordering A+, be a Baer real ring, then there is a bijection
between the following sets
1. S := {C : C is a real closure ∗ of A}/ ∼=A
2. T := {C ′ : C ′ is a real closure ∗ of T (A)}/ ∼=T (A)
Proof. Let us define a map Φ : S → T . So let C be a real closure ∗ of A then we have the following
canonical morphism of porings
A ↪−→ C ↪−→ T (C)
By Lemma 103, T (C) is a real closed ∗ ring. Now T (A) is actually a sub-poring of T (C) because
any regular element of A has an (unique) inverse in T (C). Moreover T (A) is a Baer von Neumann
regular ring (by Proposition 100). We now define
C ′ := ic(T (A), T (C))
This is, by Proposition 50, a real closure ∗ of T (A). So we can finally define Φ(C/ ∼=A) =
C ′/ ∼=T (A). We claim . . .
Claim 1: Φ is well-defined. If C1 ∼=A C2 then we have the following commutative diagram in the
category of porings
A
C1
C2
T (C1)
T (C2)
T (A)
T (A)
.............
.............
.............
...........
..
...................................................
.
.............
.............
.............
.......
..
...............................................
.
.............................................................................
...
f
.....
.....
.....
.....
.....
.
.....
.............................
..
...............................................................................
.
...............................................................................
.
where all the maps are canonical essential extensions, with f : T (C1)→ T (C2) being the canonical
extension of the A-isomorphism
C1
∼−→ C2
Thus f |A is no other than the identity morphism from A to A. And one easily checks that f |T (A)
is an identity map (as T (A) is no other than the localization of A with respect to the multiplicative
set consisting of the regular elements of A). Moreover if we define
C ′1 := ic(T (A), T (C1))
C ′2 := ic(T (A), T (C2))
then we realize that C ′1 ∼=T (A) C ′2. In other words
Φ(C1/ ∼=A) ∼=T (A) Φ(C2/ ∼=A)
†we needed to confirm this using Theorem 34
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Claim 2: Φ is surjective. Let C ′ be a real closure ∗ of T (A), then we have the following canonical
injection
A ↪→ T (A) ↪→ C ′ ↪→ Q(C ′)
By Corollary 104 we know that ic(A,Q(C ′)) is a real closure ∗ of A and since C ′ itself is a real
closed ∗ ring, we have
ic(A,C ′) = ic(A,Q(C ′))
We can then set C := ic(A,C ′). The claim is that Φ(C/ ∼=A) = C ′/ ∼=T (A).
Note that T (A) is regular, so C ′ must be regular (this can be seen for instance in Proposition
51, or [37] Lemma 1.9) and so we actually have T (C ′) = C ′. Moreover, we observe that T (A) is a
subring of T (C). We thus have the following commutative diagram in the category of porings
A C
T (A)
T (C) C ′.......................................................
.....
.
............................................
..
....
...
....
....
....
....
....
....
....
....
....
..........
......
.
.............................................
......
.....
................................
......
.....
C being a real closed ∗ ring implies (by Lemma 103) that T (C) is a real closed ∗ ring. Thus we
conclude that
ic(T (A), T (C)) = ic(T (A), C ′) = C ′ = T (C)
This not only shows that Φ is surjective, but also the fact that Φ(C/ ∼=A) = T (C)/ ∼=T (A) for any
real closure ∗, C, of A.
Claim 3: Φ is injective. Let C1 and C2 be two real closure ∗ of A so that (using the extra infor-
mation we have learned in the previous proof)
T (C1) ∼=T (A) T (C2)⇒ T (C1) ∼=A T (C2)
If f : T (C1)
→∼ T (C2) is the above isomorphism then we claim that f(C1) = C2 (clearly f(C1) ∼=
C2). Because C1 = ic(A, T (C1), we indeed get f(C1) = ic(A, T (C2) = C2 and so
C1 ∼=A C2
Corollary 106. Let B be a real Baer ring with partial ordering B+. Then there is a bijection
between the following sets
1. S := {C : C is a real closure ∗ of B}/ ∼=B
2. T := {C ′ : C ′ is a real closure ∗ of T (B)}/ ∼=T (B)
3. {P ⊂ B : P ⊃ B+ and P is a maximal partial ordering of B}
Proof. ”1⇔ 2” Proven in Propositon 105
”2⇔ 3” We know that there is a bijection between the real closure ∗ of a von Neumann regular
ring and its maximal partial ordering (see Theorem 97). Now the bijection between the set of
maximal partial ordering of T (B) containing T (B)+ and the set of maximal partial orderings of
B containing B+ has been shown in Theorem 96(ii).
Definition. If A is a reduced commutative unitary ring, then we shall call any element of Q(A)
a rational element or a fraction of A.
Lemma 107. 1. Let A be a reduced ring and suppose that C1, C2 be reduced rings having B(A)
as subring. If
f : C1
∼→ C2
is an A-isomorphism then it is a B(A)-isomorphism.
84
§5 Real closed ∗ reduced partially ordered rings
2. Let A, with partial ordering A+, be a real ring. Suppose that C be any real closure ∗ of A, one
may then consider B(A) as an intermediate ring of A and C and C itself is also a real closure ∗
of B(A).
Proof. 1. For brevity we write B := B(A). First we show that f(E(B)) ⊂ E(B). We do know
that f(E(B)) ⊂ E(C2), so let e1 ∈ E(B)\{0} and define e2 := f(e1) ∈ E(C2). We know that e1
is a rational element of A, i.e. there exists an a ∈ A such that ae1 ∈ A\{0}. Thus
ae1 = f(ae1) = af(e1) = ae2 ∈ A\{0}
meaning that e2 is also a rational element of A, in other words e2 ∈ E(B) (see [31] Proposition
2.5). Thus, we have shown that f(E(B)) ⊂ E(B).
If f |B were not the identity map then, because of [31] Proposition 2.5, there is an e1 ∈ E(B)
such that f(e1) 6= e1. Define e2 := f(e1) ∈ E(B), then either (1 − e1)e2 6= 0 or (1 − e2)e1 6= 0.
Without loss of generality suppose that (1− e1)e2 6= 0. Define now e3 := (1− e1)e2 ∈ E(B), then
there exists an a ∈ A\{0} such that ae3, ae2 ∈ A\{0}. So we get f(ae3) = ae3 6= 0 and yet
f(ae3) = f(a(1− e1)e2) = f(ae2)f(1− e1) = ae2(1− e2) = 0
a contradiction.
2.) The keyword is Storrer’s Satz (see Theorem 58). By Storrer’s Satz, we have the following
commutative diagram consisting of canonical maps (except for the lower horizontal map which is
due to Storrer’s Satz)
A C
Q(A) Q(C)
...........................................................................
......
.....
...................................
...
.............................................
...
..........
.................................................................
......
.....
Where the ring C is a real closure ∗ of A and so it must contain all the idempotents of Q(C). Thus,
C contains all the idempotents of Q(A) and has A as a subring. This implies (by [31] Proposition
2.5) that C has B(A) as a subring. That C is an integral and essential extension of B(A) is then
clear. Thus, C is a real closure ∗ of B(A) as well.
Theorem 108. Let A, with partial ordering A+, be a real ring. There is a bijection between the
following sets
• A := {C : C is a real closure ∗ of A}/ ∼=A
• B := {C ′ : C ′ is a real closure ∗ of B(A)}/ ∼=B(A)
• PB(A) := {P ⊂ B(A) : P ⊃ B(A)+ and P is a maximal partial ordering of B(A)}
• PA := {P ⊂ A : P ⊃ A+ and P is a maximal partial ordering of A}
Proof. In our proof, when we say isomorphism we mean it in the category of porings.
”A ½→ B” Any real closure ∗ of A is also a real closure ∗ of B(A) (see Lemma 107 (2)), this
is also true vice versa, as B(A) itself is an essential and integral extension of A. If two such
real closure ∗ are A-isomorphic, then, by Lemma 107 (1), they are also B(A)-isomorphic. Any
B(A)-isomorphism is also trivially an A-isomorphism. Thus the bijection is just the canonical
map
C/ ∼=A 7−→ C/ ∼=B(A) C is a real closure ∗ of A
”B½→ PB(A)” This is from Corollary 106
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”PB(A) ½→ P(A)” This is from Theorem 96 (ii)
Remark 109. Let A be a reduced ring and B be an overring of A, then there is a canonical
map SpecB → SpecA. This map has the property that its image contains MinSpecA. For let
p ∈ MinSpecA , and consider the multiplicative set S = A\p. Then the embedding of rings
A ↪→ B induces a ring homomorphism
S−1A −→ S−1B
The only prime ideal of S−1A corresponds to p in MinSpecA (since p is a minimal prime ideal
and so S−1A is a field). Thus, all prime ideals in
SpecS−1B ∼=
⋂
s∈S
DB(s) ⊂ SpecB
are mapped canonically to p ∈ MinSpecA
Proposition 110. Let B be a commutative unitary ring with a subring A and let
φ : SpecB → SpecA
be the canonical continuous map and define X := φ(SpecB) with relative topology with respect
to SpecA. Then:
i. For any a ∈ A one has φ(VB(a)) = VA(a) ∩X and φ(DB(a)) = DA(a) ∩X
ii. For all a ∈ A and p ∈ DA(a) ∩X one has φ−1(p) ⊂ DB(a)
iii. If B is reduced and an essential extension of A then φ induces an quasi-irreducible surjection†
φ′ : SpecB ³ X
with φ′(p˜) := φ(p˜) for all p˜ ∈ SpecB.
iv. Suppose B is reduced and an essential extension of A. Set Y := MinSpecA and Y˜ := φ−1(Y )
then φ can be restricted to a map
Y˜ ³ Y p˜ 7→ φ(p˜) ∀p˜ ∈ Y˜
and this map is a quasi-irreducible surjection (we take relative topologies on the domain and
range).
v. Let B, Y and Y˜ be as in (iv), then for any a ∈ A we have the identity
φ(DB(a) ∩ Y˜ ) = DA(a) ∩ Y
Moreover Y˜ is dense in SpecB.
Proof. i. Let p˜ ∈ SpecB and such that a ∈ p˜ then clearly φ(p˜) = p ∩ A has a in it and so
φ(p˜) ∈ VA(a) ∩X. The other containment is equally obvious. Analogously one proves the second
equality.
ii. Suppose a ∈ A and let p˜ ∈ SpecB such that p˜ ∩ A = p and that p ∈ DA(a). If a ∈ p˜ we would
get a contradiction since then a ∈ p˜ ∩A.
iii. Observe that for any b ∈ B\{0}, there is a c ∈ B such that bc ∈ A\{0} and that DB(b) ⊃
DB(bc). We may assume, by contradiction, that there is an a ∈ A\{0} such that φ(VB(a)) = X,
in other words for a p ∈ DA(a)∩X there is a p˜ ∈ VB(a) such that p˜∩A = p. But this cannot be,
because in ii. we have shown that
p˜ ∈ φ−1(p) ⊂ DB(a)
and this is a contradiction!
†see page 71 for definition
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iv. The map in (iv) is a surjection because of Remark 109. We show that its actually a quasi-
irreducible surjection. We prove (iv) by contradiction. We assume that there is an a ∈ A\{0} that
defines Y˜1 := VB(a) ∩ Y˜ and such that φ(Y˜1) = Y . So we get (using i.)
φ(VB(a)) = VA(a) ∩X ⊃ φ(Y˜1) = Y
Since VA(a)∩X is closed inX it should contain all the closure points of Y inX, thus φ(VB(a)) = X
but this contradicts (iii).
v. Clearly (see also (i)) one has for any a ∈ A
φ(DB(a) ∩ Y˜ ) ⊂ DA(a) ∩ Y
The above sets are equal for a = 0, so we need only deal with the case a ∈ A\{0}. So let a ∈ A\{0}
and suppose p ∈ DA(a) ∩ Y . Since Y ⊂ X we know that there is a p˜ ∈ Y˜ such that
φ(p˜) = p˜ ∩A = p
We can easily see that p˜ ∈ DB(a) ∩ Y˜ . Thus p ∈ φ(DB(a) ∩ Y˜ ) and so we can write
φ(DB(a) ∩ Y˜ ) ⊃ DA(a) ∩ Y
Suppose now that Y˜ is not dense in SpecB, this implies that there is a b ∈ B\{0} such that
DB(b) ∩ Y˜ = ∅
Now since B is reduced and essential over A, there exists a b′ ∈ B such that b′b ∈ A\{0}. Because
DB(bb′) ⊂ DB(b), there is an a ∈ A\{0} such that
DB(a) ∩ Y˜ = ∅
But the previous results implies that
DA(a) ∩ Y = ∅
So
VA(a) ∩ Y = Y
In other words (since A is reduced)
a ∈
⋂
p∈MinSpecA
p = {0}
and this is a contradiction. Therefore Y˜ is dense in SpecB.
Remark 111. In Proposition 110 iv., suppose that a set Y˜0 ⊂ Y˜ has the property that φ(Y˜0) = Y .
Then, using the same argument as in the proof of Proposition 110 v., one checks that Y˜0 is actually
dense in SpecB. †
Theorem 112. Let B be a real ring and suppose A is a subring of A. Let A+ be a partial ordering
of A and define
C := {
n∑
i=1
aiei : ∀n ∈ N, a1, . . . , an ∈ A, e1, . . . , en ∈ E(B)}
Set C+ to be the weakest partial ordering of C that extends A+. We obtain (in the category of
topological spaces)
SperC ∼= SpecC ×SpecA SperA
†note that we still assume that B is an essential extension of A
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Proof. The proof of this is done by several steps. First we show the following claim (we shall end
the proof of all claims in the Theorem by a black square, and proof of the Theorem itself is ended
by a white square):
Claim 1: If α ∈ SperA and p˜ ∈ SpecC be such that suppA(α) = p˜ ∩ A then there exists an
α˜ ∈ SperC such that suppC(α˜) = p˜ and α˜ ∩A = α.
Proof of Claim 1. We consider several cases . . .
Case 1.1: C = A[e] for some e ∈ E(B)
Consider the set
α˜ = α[e] + p˜ ⊂ C
we claim that α˜ is a prime cone of C. Clearly α˜ is closed under multiplication and addition. So
we need to prove
• C2 ⊂ α˜
• −α˜ ∩ α˜ ⊂ p˜ (equality then follows)
• C ⊂ −α˜ ∪ α˜ (equality follows)
Once we have proven this, we learn that C+ ⊂ α˜, that α ⊂ α˜ ∩ A and that suppC(α˜) ∩ A =
suppA(α). So by Remark 9 (iii) we learn that α˜ ∩ A = α and this will prove the Claim for this
Case.
Since e(1− e) = 0 ∈ p˜, we have two ”subcases”:
Case 1.1.1: e ∈ p˜
• C2 ⊂ α˜
Suppose ae+ b ∈ C for some a, b ∈ A. We then get
(ae+ b)2 = b2︸︷︷︸
∈α
+(a2 + 2ab)e︸ ︷︷ ︸
∈p˜
∈ α˜
• −α˜ ∩ α˜ ⊂ p˜
Let a, b, a′, b′ ∈ α with x, y ∈ p˜ such that
ae+ b+ x = −a′e− b′ − y
Then b ≡ −b′mod p˜, so
b+ b′ ∈ A ∩ p˜ = suppA(α)
Because we also have b, b′ ∈ α, we get
b, b′ ∈ suppA(α) ⊂ p˜
Thus ae+ b+ x ∈ p˜
• C ⊂ −α˜ ∪ α˜
Let ae+ b ∈ C for some a, b ∈ A. We know that b ∈ −α ∪ α = A. If b ∈ α we have
ae︸︷︷︸
∈p˜
+ b︸︷︷︸
∈α
∈ α[e] + p˜ = α˜
If b ∈ −α then we can also easily see that ae+ b ∈ −α˜
Case 1.1.2: 1− e ∈ p˜
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• C2 ⊂ α˜
Let ae+ b ∈ C for some a, b ∈ A, then we have
ae+ b = (a+ b)− a(1− e)
So
(ae+ b)2 = (a+ b)2︸ ︷︷ ︸
∈α
+(a2 − 2a(a+ b))(1− e)︸ ︷︷ ︸
∈p˜
∈ α˜
• −α˜ ∩ α˜ ⊂ p˜
Let a, b, a′, b′ ∈ α with x, y ∈ p˜ such that
ae+ b+ x = −a′e− b′ − y
Then we can write
ae+ b+ x = (a+ b) + (x− a(1− e))︸ ︷︷ ︸
∈p˜
= −a′e− b′ − y = −(a′ + b′)− (y − a′(1− e))︸ ︷︷ ︸
∈p˜
Thus (a+ b) ≡ −(a′ + b′)mod p˜ in C and this implies
(a+ b) ≡ −(a′ + b′)mod suppA(α) in A
Because a+ b, a′ + b′ ∈ α we get
a+ b, a′ + b′ ∈ suppA(α) ⊂ p˜
We then know that
ae+ b+ x = (a+ b) + (x− a(1− e)) ∈ p˜
• C ⊂ −α˜ ∪ α˜
Let ae + b ∈ C for some a, b ∈ A. Then we may write We know that a + b ∈ −α ∪ α = A. If
a+ b ∈ α then
ae+ b = (a+ b)︸ ︷︷ ︸
∈α
− a(1− e)︸ ︷︷ ︸
∈p
∈ α[e] + p˜ = α˜
We can also easily check that if a+ b ∈ −α one has ae+ b ∈ −α˜
Case 1.2: There is an n ∈ N such that C = A[e1, . . . , en] for some e1, . . . , en ∈ E(B).
We can prove this by induction. We have proven the case for n = 1, so we may as well assume
that n > 1 and set D = A[e1, . . . , en−1] and assume that in case C = D the Claim holds. In
case C = A[e1, . . . , en], we have C = D[en]. Assume that p˜ ∈ SpecC and α ∈ SperA such that
p˜ ∩ A = suppA(α). Write p′ = p˜ ∩ D, then we know that p′ ∩ A = suppA(α) as well. And so
by our induction hypothesis there is an α′ ∈ SperD such that suppD(α′) = p′ = p ∩D and that
α′ ∩A = α. Now using Case 1, we know that α˜ defined by
α˜ := α′[en] + p˜
is in SperC and that suppC(α˜) = p˜ and also α˜ ∩D = α′. But this only implies that α˜ ∩ A = α.
Thus we have proven the claim for this case.
Case 1.3: C = A[e|e ∈ E(B)]
This is the case that needs to be proven in general, but we shall make use of the other cases in
order to prove this. Define
D := {A[e1, . . . , en] : n ∈ N, e1, . . . , en ∈ E(B)}
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then we know that D can be considered as a directed set with
sup(A[e1, . . . , en], A[f1, . . . , fm]) = A[e1, . . . , en, f1, . . . , fm] e1, . . . , en, f1, . . . , fm ∈ E(B)
Moreover we also know that lim
−→
D∈D
D = C. By [8] Proposition 2.4, we also know that (in the
category of topological spaces)
SperC = Sper lim
−→
D∈D
D = lim
←−
D∈D
SperD (2)
By [15] Corollaire 8.2.10), we have
SpecC = Spec lim
−→
D∈D
D = lim
←−
D∈D
SpecD (3)
Let now p˜ ∈ SpecC and α ∈ SperA such that p ∩ A = supp(α). For each D ∈ D we have
a canonical injection D ↪→ C. So, for each such D ∈ D let us consider pD ∈ SpecD defined by
pD := p˜ ∩ D. By Case 1.2 we know that for each D ∈ D there is an αD ∈ SperD such that
suppD(αD) = pD and αD ∩ A = α. We shall in particular make use of the αD as constructed in
the proof of Case 1.2. More concretely, if D = A[e1, . . . , en] then αD is defined by
αD = α[e1, . . . , en] + pD
First we show that if D1, D2 ∈ D with D1 ⊂ D2 then αD1 ∩D2 = αD2 . We may write
D1 = A[e1, . . . , en], D2 = A[e2, . . . , em] for some m > n, e1, . . . , em ∈ E(B)
Obviously αD2 ∩D1 ⊃ αD1 and
suppD1(αD2 ∩D1) = pD2 ∩D1 = pD1 = suppD1(αD1)
and, by Remark 9 (iii), that αD2 ∩D1 = αD1 .
Define
α˜ := α[e : e ∈ E(B)] + p˜
Just as in Case 1.1, it suffices to prove that . . .
• C2 ⊂ α˜
Let c ∈ C2, then there exists a D ∈ D such that c ∈ D2 and so by Case 1.2 we know that
c ∈ αD ⊂ α˜
• −α˜ ∩ α˜ ⊂ p˜
Let c ∈ −α˜ ∩ α˜, then there are D1, D2 ∈ D such that
c ∈ αD1 ⊂ α˜
and
c ∈ −αD2 ⊂ −α˜
Thus if we set D := sup(D1, D2) we get (by Case 1.2)
c ∈ αD ∩ −αD ⊂ pD ⊂ p˜
• C ⊂ −α˜ ∪ α˜
Let c ∈ C then there exists a D ∈ D such that c ∈ D. So, by Case 1.2, we get
c ∈ −αD ∪ αD ⊂ −α˜ ∪ α˜
¥
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The above Claim just showed that there is a continous surjection (continuity, due to the universal
property of fiber product in the category of topological space)
φ : SperC −³ SpecC ×SpecA SperA
Claim 2: φ is injective.
Proof of Claim 2. Let α ∈ SperA, p˜ ∈ SpecC and α˜, β˜ ∈ SperC such that
supp(α˜) = supp(β˜) = p˜ and α˜ ∩A = β˜ ∩A = α
then
α˜, β˜ ⊃ α[e : e ∈ E(B)] + p˜
By Claim 1 we also know that α[e : e ∈ E(B)] + p˜ is a prime cone of C with image under suppC
being p˜. But by Remark 9 (iii)
α˜ = β˜ = α[e : e ∈ E(B)] + p˜
and so φ is indeed injective.
¥
Claim 3: φ is open and thus a homeomorphism.
Proof of Claim 3. It suffices to prove that for any n ∈ N and b1, . . . , bn ∈ C, one has that
φ(PC(b1, . . . , bn)) is open (i.e. the image of any basic open set is open). Again we work with
different cases . . .
Case 3.1: C = A[e] for some e ∈ E(B)
It is easy to check that for any c ∈ C there exists unique a1e ∈ Ae and a2(1− e) ∈ A(1− e) such
that c = a1e+ a2(1− e).
Now define
X := φ(SperC) = SpecC ×SpecA SperA
then we claim that for any n ∈ N and b1, . . . , bn ∈ C one has
φ(PC(b1, . . . , bn)) = X ∩ (DC(e)× PA(b1,1, . . . , b1,n) ∪DC(1− e)× PA(b2,1, . . . , b2,n))
where for every i ∈ {1, . . . , n} we have bi = b1,ie+ b2,i(1− e) for some b1,i, b2,i ∈ A.
”⊂” Let α˜ ∈ PC(b1, . . . , bn) with p˜ ∈ SpecC,α ∈ SperA such that φ(α˜) = (p˜, α). Consider the
case where e 6∈ p˜. If for an i ∈ {1, . . . , n} one has b1,i ∈ −α, then b1,ie ∈ −α˜ (because e ∈ α˜ for
any e ∈ E(C) and α˜ ∈ SperC). But we know bi ∈ α˜\suppC(α˜) † with 1− e ∈ suppC(α˜) ‡ , so
b1,ie ∈ α˜⇒ b1,ie ∈ suppC(α˜) = p˜⇒ bi = b1,ie+ b2,i(1− e) ∈ suppC(α˜)
And this is a contradiction! Thus for e 6∈ p˜ one has that b1,i ∈ α\suppA(α) for all i ∈ {1, . . . , n}
(since A = α ∪ −α). In other words for e 6∈ p˜ we get
(p˜, α) ∈ DC(e)× PA(b1,1, . . . , b1,n)
Similarly one proves that for the case that e ∈ p˜ one gets
(p˜, α) ∈ DC(1− e)× PA(b2,1, . . . , b2,n)
”⊃” Let
(p˜, α) ∈ X ∩ (DC(e)× PA(b1,1, . . . , b1,n))
†because α˜ ∈ PC(b1, . . . , bn)
‡because e(1− e) = 0 ∈ p˜ = suppC(α˜) and e 6∈ p˜
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we know by Claim 2 and Claim 1 that there exists a unique α˜ ∈ SperC such that φ(α˜) = (p˜, α).
Since e 6∈ p˜ one has that 1− e ∈ p˜ so for all i ∈ {1, . . . , n} one gets
bi = b1,ie+ b2,i(1− e) ∈ α˜
because p˜ = suppC(α˜) and because b1,i ∈ α ⊂ α˜ and so b1,ie ∈ α˜.
Now if bi ∈ suppC(α˜) = p˜ we have
b1,ie ∈ p˜⇒ b1,i ∈ p˜⇒ b1,i ∈ p˜ ∩A = suppA(α)
but this is a contradiction since we know from begining that α ∈ PA(b1,1, . . . , b1,n) which implies
that b1,i ∈ α\suppA(α). Thus in general we have that for any i ∈ {1, . . . , n}
bi ∈ α˜\suppC(α˜)
And thus we conclude that α˜ ∈ PC(b1, . . . , bn).
Similary one proves for the case
(p˜, α) ∈ X ∩ (DC(1− e)× PA(b2,1, . . . , b2,n))
one gets α˜ ∈ PC(b1, . . . , bn), where α˜ is the unique element in SperC such that φ(α˜) = (p˜, α).
Thus for this Case we have proven that φ is open (and thus a homeomorphism).
Case 3.2: There is an m ∈ N such that C = A[e1, . . . , em] for some e1, . . . , em ∈ E(B).
We prove this by induction over m. We know that this is true for the case m = 1 (Case 3.1),
thus we assume m ≥ 2. For simplicity, define Cm−1 := A[e1, . . . , em−1]. By Case 3.1 and induction
hypothesis we know that the commutative diagrams
SperCm−1 SpecCm−1
SperA SpecA
................................................................
.
.......................................
...
.......................................
...
......................................................................................
.
and
SperC SpecC
SperCm−1 SpecCm−1
......................................................................................
.
.......................................
...
.......................................
...
................................................................
.
are pullbacks in the category of topological spaces. It is a known fact in category theory that
”pasting” the two commutative rectangle will give us the following commutative diagram
SperC SpecC
SperCm−1 SpecCm−1
SperA SpecA
......................................................................................
.
.......................................
...
.......................................
...
................................................................
.
.......................................
...
......................................................................................
.
.......................................
...
whose outer rectangle is also a pullback in the category of topological spaces (see for instance [1]
Proposition 11.10). And this proves that φ is also a homeomorphism for this case.
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Case 3.3: C = A[e|e ∈ E(B)]
This is the general case and the openness of φ is easily seen by using Equations(2) and (3) in Case
1.3. Note that we used the fact that we could interchange pullbacks (which are special limits) and
limits (see [30] IX.2).
¥
With this we have also proven the Theorem.
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6 Maximal partial orderings and minimal prime spectra of
real rings
Definition. Let f : X → Y be a continuous map between two topological spaces X and Y .
Consider X1 ⊂ X and Y1 ⊂ Y with relative topologies. We say that f |X1 is an irreducible
surjection on Y1 iff f(X1) = Y1 and the restriction defined by
g : X1 −³ Y1 g(x) := f(x) ∀x ∈ X1
is an irreducible surjection (i.e. in the relative topology of X1 , there does not exist a strictly closed
subset of X1 whose image under g is Y1). As long as it is understood, we shall abuse notation and
write f |X1 instead of g here.
Henceforth, we shall make use of the following Definition and Notations:
Definition and Notation 1. Given real ring A with an arbitrary partial ordering A+, we set:
• T := T (B(A))
• T+ := {∑ni=1 ait2i : n ∈ N, ai ∈ A+, ti ∈ T, i = 1, . . . , n}
• suppT : Sper (T, T+)→ SpecT α 7→ α ∩ −α
• XT := supp−1T (SpecT ) = Sper (T, T+)
• Y T := SpecT
• XA ⊂ Sper (A,A+) as the image of the canonical map
Sper (T, T+) −→ Sper (A,A+)
α˜ 7−→ α˜ ∩A
• Y A ⊂ SpecA as the image of the canonical map
SpecT −→ SpecA
p˜ 7−→ p˜ ∩A
• φr : XT ³ XA defined by φr(α˜) := α˜ ∩A for all α˜ ∈ XT
• φp : Y T ³ Y A defined by φp(p˜) := p˜ ∩A for all p˜ ∈ Y T .
Define
• ψA : XA → SpecA by ψA(α) = suppA(α) for all α ∈ XA
• ψT := suppT
Finally define
• Y A0 := MinSpecA ⊂ Y A
• Y T0 := φ−1p (Y A0 )
• XA0 := ψ−1A (Y A0 )
¥
Proposition 113. Let A be a real ring then
XA0 = supp
−1
A (Y
A
0 )
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Proof. Clearly we see that XA0 ⊂ supp−1A (Y A0 ). Now, let α ∈ supp−1A (Y A0 ), then suppA(α) is a
minimal prime ideal of A. By Remark 9(iii), α is a minimal prime cone of A. By Remark 109,
there exists a minimal prime ideal pˆ in SperB(A) such that
pˆ ∩A = suppA(α)
By Theorem 112,
αˆ := α[e : e ∈ E(B(A))] + pˆ
is a minimal prime cone of SperB(A) such that α = αˆ ∩ A. By [25] Satz III.3.4 p.109, there is a
prime cone α˜ ∈ XT such that
α˜ ∩B(A) = αˆ
Thus, α˜ ∩A = α which implies that
α ∈ φr(XT ) = XA
and so α is indeed in XA0 .
Lemma 114. If A, with partial ordering A+, is a real ring then:
XA = ψ−1A (Y
A)
Proof. Because T is a von Neumann regular ring we know that ψT = suppT is a surjection (see
for instance [7] Lemma 3.6 and Proposition 3.7) so
Y A = φp(Y T )⇒ Y A = φp ◦ ψT (ψ−1T (Y T )) = ψA ◦ φr(ψ−1T (Y T ))
Thus
ψ−1A (Y
A) ⊃ φr(ψ−1T (Y T ))
But ψ−1T (Y
T ) = XT , so
φr(ψ−1T (Y
T )) = XA
and thus ψ−1A (Y
A) ⊃ XA
Now ψA itself is defined on XA so naturally ψ−1A (Y
A) ⊂ XA and therefore we have proven
ψ−1A (Y
A) = XA
Lemma 115. Given a real ring A, with partial ordering A+, then Y T0 is dense in Y
T .
Proof. See Proposition 110 (v).
Lemma 116. Given a real ring A, with partial ordering A+, then φp|Y T0 is a quasi-irreducible
surjection on Y A0 .
Proof. See Proposition 110 (iv).
Proposition 117. Suppose that A is a real ring with maximal partial ordering A+, then there
exists a unique XA1 ⊂ XA0 closed in XA0 such that
ψA|XA1 : XA1 ³ Y A0
is a quasi-irreducible surjection.
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Proof. Let CT be a closed subset of XT such that ψT |CT is an irreducible surjection on Y T (this
CT exists because, by Proposition 100, T is a von Neumann regular ring and thus Y T and XT
are Stone spaces and then we use Proposition 91). Consider the set defined by
XA1 := φr(CT ) ∩XA0
with the closure operation taken in the relative topology of XA in Sper (A,A+).
Claim 1: ψA(XA1 ) = Y
A
0 .
We know that ψA(XA1 ) ⊂ Y A0 , now suppose that p ∈ Y A0 . Then, since Y A0 ⊂ Y A, there must exist
a p˜ ∈ Y T such that φp(p˜) = p. Now we know that ψT |CT is an irreducible surjection on Y T so
there exists an α˜ ∈ CT such that ψT (α˜) = p˜. We obtain φr(α˜) ∈ XA0 , since we know that
ψA ◦ φr(α˜) = φp ◦ ψT (α˜) = p ∈ Y A0
thus
φr(α˜) ∈ ψ−1A (Y A0 ) = XA0
φr(α˜) is clearly in φr(CT ), thus
φr(α˜) ∈ φr(CT ) ∩XA0
and ψA ◦ φr(α˜) = p implies that p ∈ ψA(XA1 ).
Claim 2: ψA|XA1 is an irreducible surjection on Y A0 .
We prove this claim by contradiction. Suppose that there is a closed (relative to XA) set CA ⊂ XA
such that
CA ∩XA0 ( XA1
and that ψA(CA ∩XA0 ) = Y A0 .
We make another claim now . . .
Claim 2.1: CA ∩ φr(CT ) 6= ∅ and ψT (φ−1r (CA) ∩ CT ) = SpecT
We know that φ−1r (CA) is closed in Sper (T, T+) = XT and that
φp ◦ ψT (φ−1r (CA)) = ψA ◦ φr(φ−1r (CA)) = ψA(CA) ⊃ Y A0
Now ψT itself is a closed map (it is a continuous surjective map between Stone spaces
Sper (T, T+) and SpecT ). This implies that there is a closed set
KT := ψT (φ−1r (C
A)) ⊂ SpecT
such that φp(KT ) ⊃ Y A0 . By Remark 111, we learn that KT ∩ Y T0 is dense in Y T . And so
KT = Y T or
ψT (φ−1r (C
A)) = KT = Y T = SpecT
Now we know (by Proposition 91) that there exist at least one closed set CT1 ⊂ φ−1r (CA) by which
φr|CT1 is an irreducible surjection on Y T . But since A+ is a maximal partial ordering and because
of Theorem 96 (ii), there is only one maximal partial ordering of T that can contain T+, so by
Theorem 97 (2) and (3) we get CT1 = C
T (i.e. there is exactly one closed set CT ⊂ XT such that
ψT |CT is an irreducible surjection on Y T ). Thus we just learn that CT ⊂ φ−1r (CA). So we get
φr(CT ) ⊂ CA and that
ψT (φ−1r (C
A) ∩ CT ) = ψT (CT ) = SpecT
which proves our Claim 2.1.
Now observe that (noting that we take closure in XA)
XA1 = φr(CT ) ∩XA0 ⊂ CA ∩XA0 ( XA1
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which is clearly a contradiction. Thus we have proven that ψA|XA1 is an irreducible surjection on
Y A0 .
Claim 3: Uniqueness of XA1
This has actually already been proven. Since the first parts of Claim 2.1 made use of only the
fact that ψA(CA ∩XA0 ) = Y A0 , we may replace CA by any other closed set CA1 ⊂ XA such that
ψA|(CA1 ∩XA0 ) is an irreducible surjection on Y A0 and we arrive to the conclusion (see details in
Claim 2.1) that
XA1 = φr(CT ) ∩XA0 ⊂ CA1 ∩XA0
But, by the assumption that ψA|(CA1 ∩XA0 ) is an irreducible surjection on Y A0 , we see that
XA1 = C
A
1 ∩XA0
Thus, this Claim is also proven and with this the whole Proposition is proven.
Theorem 118. There is a bijection between the set
P := {P ⊂ A : A+ ⊂ P and P is a maximal partial ordering of A}
and the set
S := {X ⊂ supp−1A (MinSpecA) : X is closed in supp−1A (MinSpecA)
and suppA|X is a quasi-irreducible surjection on MinSpecA
}
Proof. Define T := T (B(A)) and T+ to be the weakest partial ordering of T extending A+. We
may write P = {Pi}i∈I for some indexing set I. We know from the proof of Theorem 96 (ii) that
for each i ∈ I there exists exactly one maximal partial ordering of T that contains Pi † So, for
each i ∈ I, define Qi to be the weakest partial ordering of T extending Pi.
Recall that we write for short
• SperA = Sper (A,A+) and SperT = Sper (T, T+)
Define now the following
• Sper iA := Sper (A,Pi) and Sper iT := Sper (T,Qi) for all i ∈ I
• ψA : SperA→ SpecA is defined by ψA(α) = α ∩ −α for all α ∈ SperA
• ψAi : Sper iA→ SpecA is defined by ψAi (α) = α ∩ −α for all α ∈ Sper iA
• We similarly define ψT and ψTi
• Y := (ψA)−1(MinSpecA) and Yi := (ψAi )−1(MinSpecA).
• φ : SperT → SperA and φi : Sper iT → Sper iA be canonical maps (i.e induced by intere-
secting a prime cone in T with A).
• Z := φ(SperT ) and Zi := φi(Sper iT ).
Now we make note of the following facts
• MinSpecA is in the image of ψA and suppAi (see [7] Lemma 3.6 and Proposition 3.7 or see
Proposition 10 and its proof ).
† we always take note that Theorem 96 (ii) applies for rational extensions with weakest extension of partial
ordering.
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• Sper iA is a closed subspace of SperA, since
Sper iA =
⋂
a∈Pi
P¯A(a)
where we recall that P¯A(a) := {α ∈ SperA : a ∈ α}
• Thus Yi is a closed subspace of Y , since Yi = Sper iA ∩ Y
• It is easy to see that Zi = Z ∩ Sper iA, and so Zi is a closed subspace of Z.
• ψAi is just the restriction of ψA on Sper iA.
• We actually have : Y = Z and Yi = Zi (see Proposition 113).
Now we construct a bijection Φ : P → S. For a Pi in P define Φ(Pi) as the unique closed subset
Xi of Yi (thus also closed in Y ) by which ψAi |Xi is a quasi-irreducible surjection on MinSpecA
(the construction and the proof of existence of such an Xi is given in Proposition 117). Now Xi
is also a closed subset of Y and clearly ψA|Xi is a quasi-irreducible surjection on MinSpecA as
well. So Φ is well-defined. We shall therefore only need to show that Φ is a bijection.
Claim 1: Φ is surjective:
Suppose that X ⊂ Y is closed in Y and that ψA|X is an quasi-irreducible surjection on MinSpecA.
So there is a closed set C ⊂ SperA such that C ∩ Y = X. Now define C˜ := φ−1(C), then C˜
is closed in SperT . By a similar argument in Claim 2.1 of the proof of Proposition 117 we can
conclude that ψT (C˜) = SpecT . By Proposition 91 there exists a closed set K˜ ⊂ C˜ such that ψT |K˜
is an irreducible surjection on SpecT . But we also know, by Lemma 86 and the construction of
the bijection in Proposition 77, that the partial ordering
⋂
α˜∈K˜ α˜ is a maximal partial ordering of
T . Thus, by Theorem 96(i), there is an i ∈ I such that
Pi = A ∩
⋂
α˜∈K˜
α˜
Observe now that K˜ ⊂ Sper iT and that ψTi (K˜) = ψT (K˜) = SpecT so
ψAi (φi(K˜) ∩ Yi) = ψA(φi(K˜) ∩ Yi) = MinSpecA
Thus so is (closure operation is taken in Z)
ψAi (φi(K˜) ∩ Yi) = ψA(φi(K˜) ∩ Yi) = MinSpecA
But we know that (closure taken in Z)
φi(K˜) ⊂ φ(C˜) = φ(φ−1(C)) = C ⇒ φi(K˜) ⊂ C
C and Zi are closed in Z so
φi(K˜) ∩ Yi ⊂ C ∩ Yi ⊂ C ∩ Y = X
implies that there is another closed subspace of Y (namely φi(K˜) ∩ Yi) whose image under ψA is
MinSpecA and which is a subset of X. But because of our assumption that ψA|X is as quasi-
irreducible surjection on MinSpecA. We get
φi(K˜) ∩ Yi = X
Thus Φ(Pi) = X (since X ⊂ Yi and Pi is a maximal partial ordering of A, by the uniqueness in
Proposition 117, Φ(Pi) = X).
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Claim 2: Φ is injective
We show this by contradiction. Suppose Pi, Pj ∈ P with i 6= j and such that Φ(Pi) = Φ(Pj).
By the construction of Φ(Pi),Φ(Pj) we learn that Yi and Yj interesect and in their intersection
there is a subset, say X, that is closed (in Y ) such that ψA|X is a quasi-irreducible surjection on
MinSpecA.
Observe now that because ψAi (X) = ψ
A
j (X) = MinSpecA we have
⋂
α∈X α as a partial ordering
of A too and because of maximality of Pi and Pj we obtain.
Pi, Pj =
⋂
α∈X
α⇒ Pi = Pj
and this leads to a contradiction to our assumption that i 6= j
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